Inflation modelling with affine continuous-time models. An application to the Italian case with an estimation of the cost of public debt. by Venturi, Giulio Carlo
lMBp2`bBi¨ /2;HB aim/B /B S/Qp
.BT`iBK2MiQ /B a+B2Mx2 1+QMQKB+?2 2/ xB2M/HB ǳJ`+Q 6MMQǴ
.BT`iBK2MiQ /B Ji2KiB+ ǳhmHHBQ G2pB *BpBiǴ
*Q`bQ /B Gm`2 J;Bbi`H2 aT2+BHBbiB+ BM 1+QMQKB 2 6BMMx
h2bB /B Gm`2
AM~iBQM KQ/2HHBM; rBi? {M2
+QMiBMmQmb@iBK2 KQ/2Hb
M TTHB+iBQM iQ i?2 AiHBM +b2 rBi?
M 2biBKiBQM Q7 i?2 +Qbi Q7 Tm#HB+ /2#i
_2HiQ`2




XX kyRN @ kyky Ĝ .**s*oAAA

AH +M/B/iQ /B+?B` +?2 BH T`2b2Mi2 HpQ`Q ĕ Q`B;BMH2 2 MQM ĕ ;B¨ biiQ bQiiQTQbiQ- BM imiiQ
Q BM T`i2- T2` BH +QMb2;mBK2MiQ /B mM iBiQHQ ++/2KB+Q BM Hi`2 lMBp2`bBi¨ BiHBM2 Q bi`MB2`2X
AH +M/B/iQ /B+?B` Hi`2bŢ +?2 imiiB B Ki2`BHB miBHBxxiB /m`Mi2 H T`2T`xBQM2 /2HHǶ2H#Q`iQ
bQMQ biiB BM/B+iB M2H i2biQ 2 M2HH b2xBQM2 ǳ_B72`BK2MiB #B#HBQ;`}+BǴ 2 +?2 H2 2p2MimHB +BixBQMB
i2bimHB bQMQ BM/BpB/m#BHB ii`p2`bQ HǶ2bTHB+BiQ `B+?BKQ HH Tm##HB+xBQM2 Q`B;BMH2X
h?2 +M/B/i2 /2+H`2b i?i i?2 T`2b2Mi rQ`F Bb Q`B;BMH M/ ?b MQi H`2/v #22M bm#KBii2/-
iQiHHv Q` BM T`i- 7Q` i?2 Tm`TQb2b Q7 iiBMBM; M +/2KB+ /2;`22 BM Qi?2` AiHBM Q` 7Q`2B;M
mMBp2`bBiB2bX h?2 +M/B/i2 HbQ /2+H`2b i?i HH i?2 Ki2`BHb mb2/ /m`BM; i?2 T`2T`iBQM Q7 i?2
i?2bBb ?p2 #22M 2tTHB+BiHv BM/B+i2/ BM i?2 i2ti M/ BM i?2 b2+iBQM ǳ"B#HBQ;`T?B+H `272`2M+2bǴ




R h?2Q`2iB+H S`2HBKBM`B2b 9
RXR S`2HBKBM`v .2}MBiBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9
RXk `#Bi`;2 S`B+BM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N
RXj *?M;2 Q7 LmK2`B`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RX9 6Q`2B;M LmK2`B`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8
k AM~iBQM@GBMF2/ AMbi`mK2Mib Rd
kXR AM~iBQM@S`Qi2+i2/ a2+m`BiB2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd
kXk w2`Q@*QmTQM AM~iBQM@AM/2t2/ arT X X X X X X X X X X X X X X X X X X X X X X X X X RN
kXj u2`@QM@u2` AM~iBQM@AM/2t2/ arT X X X X X X X X X X X X X X X X X X X X X X X X X ky
j JQ/2H am`p2v k9
jXR a?Q`i _i2 JQ/2Hb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k9
jXk 6Q`r`/ _i2 JQ/2Hb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ke
jXj AM~iBQM JQ/2HHBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k3
9 AM~iBQM JQ/2HHBM;, JQ/2Hb 1KTHQv2/ j9
9XR >mHH@q?Bi2 JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j9
9Xk C``Qr@uBH/B`BK JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j3
8 AM~iBQM JQ/2HHBM;, JQ/2H *HB#`iBQM 99
8XR AiHBM Sm#HB+ .2#i am`p2v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 99
8Xk .i .2b+`BTiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 98
8XkXR "hSīB X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e
8XkXk "hS X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 93
8XkXj >A*S@2tXiQ#++Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 93
8Xj ai`BTTBM; _2H w*" S`B+2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9N
8X9 ai`BTTBM; LQKBMH w*" S`B+2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
*PLh1Lha
8X8 S`K2i2` *HB#`iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 88
e Sm#HB+ .2#i *Qbi 1biBKiBQM 8N
eXR 6Q`r`/ _i2 aBKmHiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eR
eXk AM~iBQM aBKmHiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8
eXj *Qbi 1biBKiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN
*QM+HmbBQMb de
 JiH# *Q/2b dN
XR _2H w*" S`B+2 ai`BTTBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dN
Xk LQKBMH w*" S`B+2 ai`BTTBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3j
Xj *HB#`iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3e
X9 *HB#`iBQM QM _2/m+2/ aKTH2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3N
X8 aBKmHiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk




:2M2`HHv bT2FBM;- BM~iBQM Bb M BM+`2b2 Q7 T`B+2b Q7 ;QQ/b M/ b2`pB+2b BM M 2+QMQKv Qp2` 
T2`BQ/ Q7 iBK2X AM i?Bb rQ`F- r2 7Q+mb QM BM~iBQM i i?2 MiBQMH ;;`2;i2 H2p2H QM  KQMi?Hv
#bBbX q2 MHvb2 AiHBM M/ 1m`QT2M BM~iBQM BM/2t2b, r2 `2 BMi2`2bi2/ BM KQ/2HHBM; i?2
#2?pBQm` Q7 i?2 1m`QT2M BM~iBQM`v T`Q+2bbX _2HvBM; QM i?2 ?BbiQ`B+H 2pQHmiBQM Qp2` i?2 Hbi
}p2 v2`b- r2 2K#`+2 M 2KTB`B+H TQBMi Q7 pB2rX P7 +Qm`b2- r2 b2i mT  bQHB/ i?2Q`2iB+H 7`K2@
rQ`F- BM r?B+?  KQ/2H Bb /2p2HQT2/ M/ +HB#`i2/- #mi r2 /Q MQi 7QHHQr  ;2M2`H 2[mBHB#`BmK
TT`Q+?X AM/22/- r2 /Q MQi bT2+B7v BM/BpB/mH T`272`2M+2b Q` miBHBiv 7mM+iBQMbX AMbi2/- r2 /B;
BM i?2 K`F2i iQ `2i`B2p2 BM7Q`KiBQM- BX2X T`B+2b r?B+? BKTHB+BiHv bmKK`Bb2 i?2 `2bmHib Q7 BMi2`@
+iBQMb Q7 BM/BpB/mHbǶ T`272`2M+2bX h?Bb Bb i?2 2ti2Mi iQ r?B+? r2 +HBK iQ /QTi M 2KTB`B+Bbi
pB2rX q2 KF2 i?2 bBKTH2 i?2Q`2iB+H ?vTQi?2bBb i?i BM~iBQM 7QHHQrb  biQ+?biB+ p2`bBQM Q7 i?2
6Bb?2` 2[miBQM Ub22 a2+iBQM jXjVX h?2M- r2 +HB#`i2 Qm` KQ/2H bQ i?i Bi Ki+?2b i?2 2pB/2M+2
Q7 ?BbiQ`B+H /iX h?2 b+QT2 Q7 i?Bb rQ`F Bb MQi M MHvbBb Q7 i?2 BM~iBQM`v T`Q+2bb 7`QK
i?2 ?BbiQ`B+H M/ K+`Q2+QMQKB+ TQBMi Q7 pB2r- `i?2` i?2 TTHB+iBQM Q7  +2`iBM KQ/2HHBM;
7`K2rQ`F rBi? i?2 BK Q7 2biBKiBM; MmK2`B+H };m`2b `2;`/BM; i?2 AiHBM Tm#HB+ /2#iX
6`QK  KQM2i`Bbi TQBMi Q7 pB2r- BM~iBQM Bb  KQM2i`v T?2MQK2MQM- #2+mb2 Q7 i?2 iB;?i
HBMF #2ir22M KQM2v bmTTHv M/ BM~iBQMX AM/22/- +2Mi`H #MFb +QMi`QH BM~iBQM i?`Qm;? KQM2v
bmTTHv M/ BMi2`2bi `i2bX q?2M i?2v rMi iQ biBKmHi2 BM~iBQM- i?2v HQr2` BMi2`2bi `i2b `BbBM;
KQM2v bmTTHvX :`2i2` pBH#BHBiv Q7  ;QQ/ Q` b2`pB+2 ivTB+HHv HQr2`b Bib +QbiX h?2`27Q`2-
i?BMFBM; Q7 i?2 BMi2`2bi `i2 b i?2 +Qbi Q7 KQM2v- ;`2i2` KQM2v bmTTHv K2Mb HQr2` BMi2`2bi
`i2bX *?2T2` BMi2`2bi `i2b biBKmHi2 +`2/Bi /2KM/- ?2M+2 /2KM/ 7Q` ;QQ/b M/ b2`pB+2b iQ
#2 Tv2/ rBi? 2bBHv pBH#H2 KQM2vX 6BMHHv- ?B;?2` /2KM/ `Bb2b Qp2`HH T`B+2b M/ ;2M2`i2b
BM~iBQMX 6Q`  i?Q`Qm;? BMi`Q/m+iQ`v 2tTHMiBQM- TH2b2 `272` iQ U"HM+?`/- kyRe- *?Ti2`
kjV
h?Bb +?BM Q7 +mbH HBMFb b?Qrb i?i BMi2`2bi `i2b THv  KDQ` `QH2 b /2i2`KBMMib Q7 BM@
~iBQM, i?2 6Bb?2` 2[miBQM TQbimHi2b i?i BM~iBQM Bb i?2 /Bz2`2M+2 #2ir22M MQKBMH M/ `2H
BMi2`2bi `i2bX AMi2`2bi `i2b `2 `2i`B2p2/ 7`QK i?2 T`B+2b Q7 AiHBM i`/2/ ;Qp2`MK2Mi b2+m`BiB2bX
q2 /QTi BM i?Bb rQ`F i?2 C``Qr@uBH/B`BK KQ/2H UC``Qr  uBH/B`BK- kyyjV iQ DQBMiHv KQ/2H-
MHvb2 M/ bBKmHi2 `2H BMi2`2bi `i2b- MQKBMH BMi2`2bi `i2b M/ BM~iBQM `i2X h?Bb KQ/2H
;BM2/ T`QKBM2M+2 #2+mb2 Q7 Bib +QKTmiiBQMH bQHB/Biv M/ bi`B;?i7Q`r`/M2bbX 6Q`r`/ M/
R
BM~iBQM `i2b `2 KQ/2HH2/ BM  :mbbBM b2iiBM;- r?B+? bm#biMiBHHv 2b2b +QKTmiiBQMb M/
2Mbm`2b  bKQQi? MHviB+H i`+i#BHBivX bbmKBM; #b2M+2 Q7 `#Bi`;2- Bi Bb TQbbB#H2 iQ /2`Bp2
i?2 2pQHmiBQM /vMKB+b Q7 #QM/ T`B+2b mM/2` i?2 `BbF M2mi`H T`Q##BHBivX am+? `Q#mbiM2bb TQb2b
 KDQ` /`r#+FX :mbbBMBiv 2MiBHb i?i  TQbBiBp2 T`Q##BHBiv Bb bbB;M2/ iQ ?B;?Hv mMHBF2Hv
Q++m``2M+2b- bm+? b bi`QM;Hv M2;iBp2 BMi2`2bi `i2bX Ai Kmbi #2 bB/- i?Qm;?- i?i i?Bb M2;iBp2
72im`2 +M #2 KBiB;i2/ #v bmBi#H2 pHm2b Q7 T`K2i2`b- bQ i?i `2H2pMi T`Q##BHBiv /Bbi`B#m@
iBQMb #2+QK2 HKQbi MmHH 7Q` mM/2bB`2/ Qmi+QK2bX h?2 KQ/2H 2KTHQvb  7Q`r`/ bT2+B}+iBQM Q7
i?2 >mHH@q?Bi2 KQ/2H 7Q` BMi2`2bi `i2bX
q2 Ki+? #QM/ i?2Q`2iB+H M/ K`F2i T`B+2b iQ `2i`B2p2 7Q`r`/ BMi2`2bi `i2bX h?Bb TT`Q+?
Bb +QM/BiBQM2/ iQ i?2 pBH#BHBiv Q7 `2H2pMi #QM/bX LQKBMH #QM/b `2 ivTB+HHv i`/2/ BM H`;2
MmK#2`b- r?BH2 72r2` `2H #QM/b `2 Qz2`2/X AM/22/- 2H2p2M AiHBM `2H #QM/b M/ MBM2iv MQKBMH
QM2b r2`2 i`/2/ i i?2 /i2 Q7 /i `2i`B2pHX .2MQiBM; rBi? n i?2 MmK#2` Q7 #QM/b BM i?2 bKHH2`
b2i- r2 +M `2i`B2p2 n− 1 7Q`r`/ `i2b iQ 2Mbm`2 i?i i?2 bvbi2K Q7 2[miBQMb r2 bQHp2 i 2+?
i`/BM; /v ?b  bQHmiBQMX h?2`27Q`2- r2 #mBH/  8 `i2 TB2+2rBb2@+QMbiMi i2`K bi`m+im`2- r?B+?
b?HH +Tim`2 M/ bmKK`Bb2 i?2 #2?pBQm` Q7 `i2b 7Q` b?Q`i- K2/BmK M/ HQM; Kim`BiB2bX Ai Kv
#2 `;m2/ i?i }p2 `i2b `2 MQi 2MQm;? 7Q`  T`QT2` MHvbBbX PM i?2 +QMi``v- i?2 #2?pBQm` Q7
i?Bb HBKBi2/ b2i Q7 `i2b Qz2`b M BMi2`2biBM; TB+im`2 Q7 i?2 2pQHmiBQM Q7 BMi2`2bi `i2b Qp2` iBK2X
JQ`2Qp2`- Bi Bb #H2 iQ bvMi?2bBb2 i?2 2pQHmiBQM Tii2`Mb Q7 BMi2`2bi `i2b ;`QmT2/ 7Q` Kim`BivX
C``Qr M/ uBH/B`BK #mBHi i?2B` MHvbBb `2HvBM; QM 7Qm` `i2b rBi? irQ@v2` HQM; iBK2 b2`B2bX
q2 2KTHQv }p2 `i2b rBi? }p2 v2`@HQM; iBK2 b2`B2bX q2 ;`QmT2/ BMi2`2bi `i2b 7Q` Kim`Biv b
7QHHQrb, y@j v2`b- j@8 v2`b- 8@Ry v2`b- Ry@ky v2`b M/ ky@jy v2`bX h?2 2B;?i T`K2i2`b Q7
i?2 KQ/2H `2 +HB#`i2/ iQ ?BbiQ`B+H /i #2ir22M kyR8 M/ kykyX
h?2 MHvbBb Qp2` i?2 Hbi }p2 v2`b ?B;?HB;?ib i?i AiHBM BMi2`2bi `i2b r2`2 mMmbmHHv ?B;?
#2ir22M Jv@kyR3 M/ Jv@kyRNX q2 `2Hv QM i?2 C``Qr@uBH/B`BK KQ/2H iQ bb2bb r?2i?2` i?2
BMi2`2bi `i2b BM i?Bb iBK2 rBM/Qr r2`2 2t+2bbBp2Hv ?B;?X q2 bBKmHi2 i?QmbM/b Q7 2pQHmiBQM
Ti?b 7Q` BMi2`2bi `i2b M/ BM~iBQM `i2 +QMbBbi2Mi rBi? T`2@Jv@kyR3 /iX aBKmHi2/ /i
b?T2 +QM}/2M+2 BMi2`pHb- rBi?BM r?B+? i?2 Q#b2`p2/ 2pQHmiBQM Ti?b `2 HBF2Hv iQ HB2X h?2b2
mTT2` M/ HQr2` #2M+?K`Fb KF2 mb +QM+Hm/2 rBi?  ;QQ/ /2;`22 Q7 biiBbiB+H +QM}/2M+2
i?i i?2 2pQHmiBQM /m`BM; i?2 ?B;?HB;?i2/ iBK2 rBM/Qr ?/ MQi #22M +QKTiB#H2 rBi? T`2pBQmb
Tii2`MbX h?2M- r2 HQQF 7Q` i?2 +mb2b M/ r2 2biBKi2 i?2 +Qbi Q7 bm+? i2KTQ``v BMi2`2bi `i2
`Bb2X aBM+2 i?2 KQM2i`v 2z2+ib rBHH ?Bi AiHBM }MM+2b ;`/mHHv Qp2` i?2 7mim`2 i?B`iv v2`b-
r2 +QKTmi2 i?2 pHm2 Q7 7mim`2 KQM2i`v KQmMib i kyky T`B+2b rBi? Qm` bBKmHi2/ BM~iBQM
`i2 2pQHmiBQMX h?2`27Q`2- i?2 +Qbi 2biBKiBQM KF2b 2bi2MbBp2 mb2 Q7 i?2 KQ/2HHBM; 7`K2rQ`F
iQ iF2 BMiQ ++QmMi i?2 /2TH2iBM; 2z2+i Q7 BM~iBQMX
h?2 i?2bBb Bb bi`m+im`2/ BM bBt +?Ti2`b b 7QHHQrbX AM +?Ti2` R r2 `2+HH i?2 KBM i?2Q`2iB+H
7QmM/iBQMb Q7 i?2 KQ/2HHBM; Q7 i?2 i2`K bi`m+im`2 Q7 BMi2`2bi `i2bX AM +?Ti2` k r2 /2b+`B#2 i?`22
+QKKQM }MM+BH BMbi`mK2Mib i`/2/ BM i?2 K`F2i iQ +QmMi2`#HM+2 i?2 2z2+i Q7 BM~iBQMX AM
+?Ti2` j r2 2tTHBM bQK2 Q7 i?2 KQbi TQTmH` KQ/2Hb 2KTHQv2/ BM i?2 HBi2`im`2 iQ KQ/2H BMi2`2bi
k
M/ BM~iBQM `i2bX AM +?Ti2` 9 r2 /Bb+mbb BM /2iBH i?2 KQ/2H 2KTHQv2/ BM i?Bb rQ`F- MK2Hv
i?2 C``Qr@uBH/B`BK KQ/2H- r?B+? `2HB2b QM i?2 >mHH@q?Bi2 KQ/2H 7Q` BMi2`2bi `i2 KQ/2HHBM;X
AM +?Ti2` 8 r2 `2i`B2p2 M/ MHvb2 /i- BM Q`/2` iQ +HB#`i2 i?2 C``Qr@uBH/B`BK KQ/2HX AM
*?Ti2` e r2 Tmi i?2 KQ/2H i rQ`F iQ bb2bb i?2 +?`+i2`BbiB+b Q7 i?2 2pQHmiBQM Q7 BMi2`2bi
`i2bX 6BMHHv- r2 Qz2` M 2biBKiBQM Q7 i?2 +Qbib BM+m``2/ #v AiHBM }MM+2b- +Q``2+i2/ 7Q` i?2





AM/BpB/mHb M/ 2+QMQKB+ ;;`2;i2b Q7i2M M22/ KQM2i`v 7mM/b i?2v /Q MQi TQbb2bX h?2 `2bQMb
Q7 bm+? M22/b `2 i?2 KQbi /BbT`i2- #mi i?2v HH b?`2 i?2 M2+2bbBiv Q7 bmBi#H2 H2;H M/
2+QMQKB+ BMbi`mK2Mib iQ i2KTQ``BHv KQp2 KQM2v #2ir22M T`iB2bX "QM/b `2 +QKKQM p2?B+H2b
iQ 7mH}H i?Bb ibFX h?2 2ivKQHQ;v Q7 i?2 i2`K Bb i`+2/ #+F iQ i?2 p2`# ǳiQ #BM/Ǵ- BM i?2 b2Mb2
i?i i?2 BMbi`mK2Mi #BM/b bQK2QM2 iQ Tv #+F M KQmMi iQ bQK2QM2 2Hb2X "2BM; KQ`2 7Q`KH-
i?2 Bbbm2` `2[mB`2b 7mM/b #v BbbmBM; /2#i b2+m`BiB2b M/ #BM/b ?2`b2H7 iQ Tv #+F i?2 H2M/2` M
KQmMi- +QKT`2?2MbBp2 Q7 i?2 Q`B;BMH bmK M/ BMi2`2bibX h?2 H2M/2` T`Qp2b iQ #2 i?2 +`2/BiQ`-
?QH/BM; i?2 #QM/ b +`2/Bi iBiH2X h?2 BbbmM+2 T`Q+2bb M/ i?2 QT2`iBp2 7`K2rQ`F Q7  /2#i
BMbi`mK2Mi Kv T`Qp2 Qmi iQ #2 7B`Hv +QKTHB+i2/- i?mb `2[mB`BM; bT2+B}+ T`Q72bbBQMH };m`2bX
h?2 BMi2`2bi `i2 Bb i?2 +Qbi Q7  }MM+BM; QT2`iBQM 7Q` i?2 #Q``Qr2`- i?2 T`Q}i 7Q` i?2 H2M/2`X b
7Q` Mv +b? ~Qr- Bi Bb Q7 T`BK`v `2H2pM+2 iQ #2 #H2 iQ mM/2`biM/ M/ 7Q`2+bi i?2 #2?pBQm`
Q7 BMi2`2bi `i2bX G2i mb bii2 i?2 bbmKTiBQMb M/ 72im`2b Q7 Qm` KQ/2HHBM; 7`K2rQ`FX AM
i?Bb b2+iBQM r2 7QHHQr T`BK`BHv U"Dƺ`F- kyyN- *?Ti2` kkV- 7m`i?2` /Bb+mbbBQMb +M #2 7QmM/ BM
UJmbB2H  _miFQrbFB- RNN8- a2+iBQMb NXR M/ NXkV- U"`B;Q  J2`+m`BQ- kyyd- *?Ti2` RV M/
U>mHH- kyR3- *?Ti2` 9VX
h?2 Kim`Biv Q7  #QM/ Bb i?2 iBK2 BM r?B+? i?2 T`BM+BTH pHm2 Kmbi #2 Tv2/ #+FX "`Q/Hv
bT2FBM;- irQ +i2;Q`B2b Q7 #QM/b 2tBbi, x2`Q@+QmTQM #QM/b Uw*"V M/ +QmTQM #QM/b U*"VX
h?2b2 b2+m`BiB2b ;m`Mi22b i?2 ?QH/2`  /2i2`KBMBbiB+ +b? ~Qr M/ `2- i?2`27Q`2- FMQrM b
}t2/ BM+QK2 BMbi`mK2MibX  x2`Q +QmTQM #QM/ rBi? Kim`Biv /i2 T Bb  +QMi`+i r?B+?
;m`Mi22b i?2 ?QH/2` i?2 T`BM+BTH pHm2 iQ #2 TB/ QM i?2 /i2 T X h?2 T`B+2 i iBK2 t Q7  #QM/
rBi? Kim`Biv /i2 T Bb /2MQi2/ #v p(t, T ) M/ +Q``2bTQM/b iQ  7`+iBQM Q7 i?2 T`BM+BTH pHm2,
w*" `2 T`B+2/ i /Bb+QmMiX h?2 T`BM+BTH pHm2 Bb b2i iQ R- #v +QMp2MiBQMX  +QmTQM #QM/
rBi? Kim`Biv /i2 T ;m`Mi22b i?2 TvK2Mi Q7 i?2 T`BM+BTH pHm2 i Kim`Biv M/ Q7 +QmTQMb
9
i }t2/ BMi2`K2/Bi2 /i2X h?2 7`2[m2M+v M/ bBx2 Q7 +QmTQMb `2 +QMi`+imHHv /2i2`KBM2/X
6Q` KQ/2HHBM; Tm`TQb2b- r2 bbmK2 i?i
Ç h?2`2 2tBbib  K`F2i 7Q` T @#QM/b 7Q` 2p2`v T > 0X
Ç p(t, t) = 1 7Q` HH tX
Ç 6Q` 2+? }t2/ t- i?2 #QM/ T`B+2 p(t, T ) Bb /Bz2`2MiB#H2 rBi? `2bT2+i iQ i?2 iBK2 Q7 Kim`Biv
T X
h?mb- i?2 #QM/ T`B+2 p(t, T ) Bb  biQ+?biB+ 7mM+iBQM Q7 irQ p`B#H2b- t M/ T X a2p2`H BMi2`2bi
`i2b +M #2 /2}M2/ BM i?Bb #QM/ K`F2iX G2i mb }t i?2 7QHHQrBM; iBK2 TQBMib t, S M/ T - rBi?
t < S < T X q2 +HH 7Q`r`/ `i2 i?2 BMi2`2bi `i2 }t2/ i t 7Q` i?2 7mim`2 BMi2`pH [S, T ]X q2
+HH bTQi `i2 i?2 BMi2`2bi `i2 }t2/ i t 7Q` i?2 BMi2`pH [t, T ]X aTQi `i2b `2 7Q`r`/ `i2b- BM
r?B+? t = SX h?2 7Q`r`/ `i2 rBi? bBKTH2 +QKTQmM/BM; Fs(t;S, T ) bQHp2b i?2 2[miBQM
p(t, S) =
(
1 + (T − S) · Fs(t;S, T )
)
· p(t, T ).
h?2 7Q`r`/ `i2 rBi? +QMiBMmQmb +QKTQmM/BM; Fc(t;S, T ) bQHp2b i?2 2[miBQM
p(t, S) = eFc(t;S,T )·(T−S) · p(t, T ).
h?2b2 7+ib H2/ iQ i?2 7QHHQrBM; /2}MBiBQMbX
.2}MBiBQM RXR
RX h?2 bBKTH2 7Q`r`/ `i2 7Q` [S, T ] +QMi`+i2/ i t Bb /2}M2/ b
Fs(t;S, T ) = −
p(t, T )− p(t, S)
(T − S) · p(t, T ) . URXRV
kX h?2 bBKTH2 bTQi `i2 7Q` [S, T ] Bb /2}M2/ b
Fs(S, T ) = −
p(S, T )− 1
(T − S) · p(S, T ) . URXkV
jX h?2 +QMiBMmQmb 7Q`r`/ `i2 7Q` [S, T ] +QMi`+i2/ i t Bb /2}M2/ b
Fc(t;S, T ) = −
log p(t, T )− log p(t, S)
(T − S) . URXjV
9X h?2 +QMiBMmQmb bTQi `i2 7Q` [S, T ] Bb /2}M2/ b
Fc(S, T ) = −
log p(S, T )
(T − S) . URX9V
8X h?2 BMbiMiM2Qmb 7Q`r`/ `i2 rBi? Kim`Biv T - +QMi`+i2/ i t 7Q` i?2 BM}MBi2bBKH
BMi2`pH [T, T + dT ]- Bb /2}M2/ b
f(t, T ) = −∂ log p(t, T )
∂T
. URX8V
eX h?2 BMbiMiM2Qmb b?Q`i `i2 i iBK2 t 7Q` i?2 BM}MBi2bBKH BMi2`pH [t, t+ dt] Bb /2}M2/ b
r(t) = f(t, t). URXeV
8
 7m`i?2` /2}MBiBQM +QKTH2i2b i?Bb BMi`Q/m+iQ`v b2iiBM;X
.2}MBiBQM RXk













Ai /2b+`B#2b i?2 i`D2+iQ`v Q7 2pQHmiBQM Q7  bmK Q7 KQM2v H27i BM i?2 #MF ++QmMi- bm#D2+i iQ
i?2 +QMiBMmQmb +QKTQmM/BM; Q7 i?2 biQ+?biB+ b?Q`i `i2 Q7 BMi2`2biX
b +QMb2[m2M+2 Q7 i?2b2 /2}MBiBQMb- i?2 7QHHQrBM; bii2K2Mi +M #2 T`Qp2/X
G2KK RXR Uw*" S`B+2V
6Qi t ≤ s ≤ T -








M/ 7Q` t = s








S`QQ7X lbBM; i?2 /2}MBiBQM Q7 BMbiMiM2Qmb 7Q`r`/ `i2
∫ T
s




















, ∀ t ≤ s ≤ T
G2i mb +QMbB/2` i?2 7QHHQrBM; ;2M2`B+ /vMKB+b 7Q` i?2 b?Q`i `i2- i?2 7Q`r`/ `i2 M/ i?2
#QM/ T`B+2X
a?Q`i `i2 /vMKB+b dr(t) = a(t)dt+ b(t)dW (t), URXRyV
6Q`r`/ `i2 /vMKB+b df(t, T ) = α(t, T )dt+ σ(t, T )dW (t), URXRRV
"QM/ T`B+2 /vMKB+b dp(t, T ) = p(t, T )m(t, T )dt+ p(t, T )v(t, T )dW (T ). URXRkV
e
:Bp2M  T`Q##BHBiv bT+2 (Ω,F ,P)- W P(t) T`Q+2bb Bb  P@"`QrMBM JQiBQMX q2 bbmK2 i?2
2tBbi2M+2 Q7  }Hi`iBQM (Ft)t≥0- rBi? `2bT2+i iQ r?B+? HH i?2 biQ+?biB+ T`Q+2bb2b r2 rBHH T`2b2Mi
`2 /Ti2/X X W (t) +M #2 d@/BK2MbBQMHX AM bm+? +b2- v(t, T ) M/ σ(t, T ) `2 `Qr p2+iQ`bX q2
b?HH bim/v i?2b2 /vMKB+b BM  QM2 /BK2MbBQMH b2iiBM;X h?2 T`Q+2bb2b a(t) M/ b(t) `2 b+H`
/Ti2/ T`Q+2bb2b- r?2`2b m(t, T ), v(t, T ),α(t, T ) M/ σ(t, T ) `2 /Ti2/ T`Q+2bb2b T`K2i2`@
Bx2/ #v iBK2 Q7 Kim`Biv T X 6Q` 2+? }t2/ t HH i?2 Q#D2+ib m(t, T )- v(t, T )- α(t, T ) M/ σ(t, T )
`2 bbmK2/ iQ #2 +QMiBMmQmbHv /Bz2`2MiB#H2 BM i?2 T @p`B#H2X q2 /2MQi2 i?2 T @/2`BpiBp2 rBi?
 T bm#b+`BTiX
S`QTQbBiBQM RXR
A7 p(t, T )- f(t, T ) M/ r(t, T ) biBb7v `2bT2+iBp2Hv URXRyV- URXRRV M/ URXRkV- Bi ?QH/b i?i,
RX df(t, T ) = α(t, T )dt+ σ(t, T )dW (t), URXRjV
r?2`2 α M/ σ `2 ;Bp2M #v⎧
⎨
⎩
α(t, T ) = vT (t;T ) · v(t, T )−mT (t, T ),
σ(t, T ) = −vT (t, T )




a(t) = fT (t, t) + α(t, t)
b(t) = σ(t, t)
jX dp(t, T ) = p(t, T )
{





dt+ p(t, T )S(t, T )dW (t), URXR8V
r?2`2 || · || /2MQi2b i?2 1m+HB/2M MQ`K M/⎧
⎨
⎩
A(t, T ) = −
∫ T
t α(t, s)ds,




RX :Bp2M i?2 #QM/ T`B+2 /vMKB+b M/ TTHvBM; i?2 AiƬ 7Q`KmH-
d log p(t, T ) =
(




dt+ v(t, T )dW (t).
_2+HHBM; i?2 BMbiMiM2Qmb 7Q`r`/ `i2 7Q`KmH- r2 iF2 i?2 T @/2`BpiBp2 M/ +?M;2 i?2
bB;M Q7 d log p(t, T )X h?Bb vB2H/b
df(t, T ) = (vT (t, T ) · v(t, T )−mT (t, T )) dt− vT (t, T )dW (t).
d
kX _2+HHBM; i?i r(t) = f(t, t) M/ BMi2;`iBM; i?2 +Q``2bTQM/BM; 7Q`r`/ `i2 /vMKB+b- r2
r`Bi2
















M/ BMb2`i i?2b2 `2bmHib BMiQ i?2 T`2pBQmb 2[miBQM,



























r?2`2 fT (t, T ) /2MQi2b i?2 /2`BpiBp2 rBi? `2bT2+i iQ i?2 Kim`Biv Q7 i?2 7Q`r`/ `i2X
.Bz2`2MiBiBQM Q7 i?Bb 2tT`2bbBQM vB2H/b i?2 /2bB`2/ 2[miBQMX
jX lbBM; Y (t, T ) = −
∫ T
t f(t, s)ds i?2 #QM/ T`B+2 #2+QK2b p(t, T ) = eY (t,T )X TTHvBM; i?2 AiƬ
7Q`KmH iQ i?Bb 2tT`2bbBQM- r2 Q#iBM i?2 /vMKB+
dp(t, T ) = p(t, T )dY (t, T ) +
1
2
p(t, T )d⟨Y (·, T )⟩t,
r?2`2 d⟨Y (·, T )⟩t Bb i?2 [m/`iB p`BiBQM Q7 i?2 T`Q+2bb (Y (t, T ))t∈[0,T ]X _2+HHBM; i?i




- r2 +M r`Bi2

















= r(t)dt+A(t, T )dt+ S(t, T )dW (t),
M/
d⟨Y (·, T )⟩t = ||S(t, T )||2dt.
q2 b?HH MQr 7Q+mb QM }t2/ +QmTQM #QM/bX h?2 ?QH/2` Q7  }t2/ *" `2+2Bp2b i?2 TvK2Mib
Q7 }t2/ +QmTQM ci i iBK2 Ti- 7Q` i = 1, . . . , T - M/ i?2 7+2 pHm2 K i iBK2 iBK2 T X h?2 T`B+BM;
Q7  }t2/ *" bi2Kb 7`QK i?2 7+i i?i i?2 bi`2K Q7 +b? ~Qrb Q7  *" Bb  TQ`i7QHBQ Q7 w*"bX
JQ`2 T`2+Bb2Hv- i?2 T`B+2 Q7  *"- p(t)- Bb ;Bp2M #v
p(t, T, c,K) = K · p(t, T ) +
T∑
i=1
ci · p(t, Ti). URXReV
3
.2}MBiBQM RXj
h?2 vB2H/ iQ Kim`Biv- y(t, T )- Q7  }t2/ *" i iBK2 t rBi? K`F2i T`B+2 p(t)- TvK2Mib ci i
Ti 7Q` i = 1, . . . , T M/ 7+2 pHm2 K- Bb /2}M2/ b i?2 pHm2 Q7 y r?B+? bQHp2b i?2 2[miBQM
p(t, T, c,K) = Ke−y(TT−t) +
T∑
i=1
ci · e−y(Ti−t). URXRdV
RXk `#Bi`;2 S`B+BM;
q2 rMi iQ KQ/2H M `#Bi`;2 7`22 7KBHv Q7 w*" T`B+2 T`Q+2bb2b {p(·, T );T ≥ 0}X q2 7QHHQr i?2
/Bb+mbbBQM T`2b2Mi2/ BM U"Dƺ`F- kyyN- *?Ti2` kjVX q2 bbmK2 i?2 2tBbi2M+2 Q7 QM2 2tQ;2MQmbHv
;Bp2M UHQ+HHv `BbF 7`22V bb2i- i?2 #MF ++QmMi- rBi? /vMKB+b /"UiV4`UiV"UiV/iX BKBM; i
T`B+BM; w*"b- r2 bbmK2 i?i i?2`2 Bb M `#Bi`;2@7`22 K`F2i 7Q` T @#QM/b 7Q` 2p2`v T M/
i?i i?2 T`B+2 Q7  T @#QM/ ?b i?2 7Q`K TUi-hV46Ui-`UiV-hV- r?2`2 F Bb  ǳbKQQi?Ǵ 7mM+iBQM M/
F (T, r;T ) = 1 7Q` HH rX :Bp2M  T`Q##BHBiv bT+2 (Ω,F ,P)- r2 KQ/2H i?2 b?Q`i `i2 mM/2` i?2
Q#D2+iBp2 T`Q##BHBiv K2bm`2 b
dr(t) = µ(t, r(t))dt+ σ(t, r(t))dW P(t). URXR3V
h?Bb i?2Q`2iB+H K`F2i Bb MQi +QKTH2i2- #2+mb2 r2 ?p2 QM2 bQm`+2 Q7 `M/QKM2bb- i?2 "`QrMBM
KQiBQM W P BM 2[miBQM URXR3V- #mi MQ 2tQ;2MQmbHv ;Bp2M i`/2/ bb2i #2bB/2b i?2 #MF ++QmMiX
1p2M w*"b +MMQi #2 `2THB+i2/ #v i?2 #MF ++QmMi- r?B+? Dmbi 2pQHp2b ++Q`/BM; iQ i?2 ǳ2t@
TQbiǴ `2HBbiBQMb Q7 i?2 b?Q`i `i2 /vMKB+bX q2 +MMQi /2i2`KBM2  mMB[m2 T`B+2 7Q`  bT2+B}+
#QM/- #mi r2 +M T`B+2 b2+m`BiB2b BM i2`Kb Q7 QM2 #2M+?K`F #QM/X
q2 }t irQ Kim`BiB2b- S M/ T - M/ TTHv AiƬ 7Q`KmH iQ F (t, r(t); i) rBi? i = {S, T}X q2
b?HH 2b2 i?2 MQiiBQM #v r`BiBM; F i 7Q` F (t, r(t); i) M/ F ix 7Q` ∂F
i
∂x X h?Bb vB2H/b




























= V · {uTαT (t) + uSαS(t)}dt+ V · {uTσT (t) + uSσS(t)}dW P(t). URXRNV
N
h?2 TQ`i7QHBQ r2B;?ib Kmbi bmK iQ QM2 M/ i?2 /BzmbBQM i2`K Kmbi pMBb? iQ 2Mbm`2 i?i i?2
TQ`i7QHBQ Bb HQ+HHv `BbFH2bb,
uT + uS = 1,
utσT (t) + uSσS(t) = 0.
h?2 bQHmiBQM Q7 i?Bb bvbi2K 7Q` uT M/ uS `2 BMb2`i2/ BM i?2 TQ`i7QHBQ pHm2 /vMKB+b URXRNVX
h?Bb vB2H/b
dV = V ·
{




h?2 KQM2v ++QmMi B(t)- rBi? /vMKB+b dB(t) = B(t)r(t)dt- Bb i?2 QMHv `BbF@7`22 bb2ic BM Q`/2`
7Q` `#Bi`;2 iQ #2 pQB/2/- i?2 }MBi2@p`BiBQM T`Q+2bb dV Kmbi ?p2  HQ+H `i2 Q7 `2im`M 2[mH
iQ r(t)X Ji?2KiB+HHv- `#Bi`;2@7`22 T`B+BM; `2[mB`2b i?i
αS(t)σT (t)− αT (t)σS(t)
σT (t)− σS(t)
= r(t), 7Q` HH t.







BM Q`/2` iQ mM/2`HBM2 i?i i?Bb `iBQ Bb BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 Kim`BivX AM i?Bb 7Q`KmHiBQM-
r2 bi`2bb i?i 2p2`v +Q2{+B2Mi Bb iBK2 /2T2M/2MiX
S`QTQbBiBQM RXk UJ`F2i S`B+2 Q7 _BbFV





?QH/b 7Q` HH t M/ 7Q` 2p2`v Kim`Biv T X
1+QMQKB+HHv- λ Bb i?2 [mQiB2Mi #2ir22M i?2 2t+2bb `i2 Q7 `2im`M Q7  T @#QM/ Qp2` i?2 `BbF@
H2bb `i2 M/ i?2 HQ+H pQHiBHBiv Q7 i?2 T @#QM/X h?2 T`Q+2bb λ Bb i?2 `BbF T`2KBmK T2` mMBi Q7
pQHiBHBiv M/ Bi Bb FMQrM b K`F2i T`B+2 Q7 `BbFX h?2 K`F2i T`B+2 Q7 `BbF Bb +2Mi`H iQr`/b i?2
/2i2`KBMiBQM Q7 `#Bi`;2@7`22 T`B+2bX A7 r2 BMb2`i i?2 7Q`KmHb 7Q` αT M/ σT BM λ U7`QK MQr
QM2 r2 rBHH r`Bi2 FT iQ /2MQi2 i?2 T`B+BM; 7mM+iBQM F 7Q`  ;2M2`B+ Kim`Biv T V- r2 Q#iBM i?2
i2`K bi`m+im`2 2[miBQMX




FTt + {µ(s, r(s))− λ(s, r(s))σ}FTr + 12σ
2FTrr − rFT = 0,
FT (T, r) = 1.
Ry
q`BiBM; r BMbi2/ Q7 r(t) TQBMib Qmi i?i i?2 `2HiBQM ?QH/b 7Q` 2p2`v iBK2 `2HBbiBQM Q7 i?2
b?Q`i `i2 biQ+?biB+ T`Q+2bbX 6m`i?2`KQ`2- r2 bbmK2 i?i i?2 K`F2i T`B+2 Q7 `BbF Bb 7mM+iBQM Q7
#Qi? iBK2 M/ b?Q`i BMi2`2bi `i2X :Bp2M i?2 #QmM/`v pHm2 T`Q#H2K Q7 i?Bb T`QTQbBiBQM 7Q` FT -
r2 +M KF2 mb2 Q7 i?2 62vMKM@EÍ biQ+?biB+ `2T`2b2MiiBQM 7Q`KmH U"Dƺ`F- kyyN- TX dk@djV
TTHB2/ iQ i?2 T`Q+2bb e−
! u
t r(s)dsFT (u, r(u)).
h?2Q`2K RXR Uw*" S`B+2V
w*" `#Bi`;2@7`22 T`B+2b `2 ;Bp2M #v i?2 7Q`KmH p(t, T ) = F (t, r(t);T )- r?2`2




t r(s)ds × 1
]
.
h?2 2tT2+iiBQM bB;M EQt,r /2MQi2b i?i i?2 2tT2+iiBQM Bb iF2M ;Bp2M i?2 7QHHQrBM; /vMKB+b Q7




dr(s) = {µ(s, r(s))− λ(s, r(s))σ}ds+ σdWQ(s),
r(t) = r.
h?Bb /Bb+mbbBQM T`Qp2b mb27mH 7Q` i?2 T`B+BM; Q7  b2i Q7 +QMiBM;2Mi T @+HBKbX
*Q`QHH`v RXR U*QMiBM;2Mi *HBK S`B+BM;V
G2i X #2  +QMiBM;2Mi T @+HBK Q7 i?2 7Q`K X = Φ(r(T ))- r?2`2 Φ Bb  `2H pHm2/ 7mM+iBQMX h?2
`#Bi`;2@7`22 T`B+2 Π(t;Φ) Bb ;Bp2M #v
Π(t;Φ) = F (t, r(t)),




Ft + {µ(s, r(s))− λ(s, r(s))σ}Fr + 12σ
2Frr − rF = 0,
F (T, r) = Φ(r);
M/ ?b i?2 biQ+?biB+ `2T`2b2MiiBQM 7




t r(s)ds × Φ(r(T ))
]
.
h?2 2tT2+iiBQM bB;M EQt,r /2MQi2b i?i i?2 2tT2+iiBQM Bb iF2M ;Bp2M i?2 7QHHQrBM; /vMKB+b Q7




dr(s) = {µ(s, r(s))− λ(s, r(s))σ}ds+ σdWQ(s),
r(t) = r.
_2K`F RXR
 K`F2i Bb +QKTH2i2 B7 2p2`v +QMiBM;2Mi +HBK +M #2 `2THB+i2/ #v  TQ`i7QHBQ #b2/ QM i?2
mM/2`HvBM; bb2ibX h?2 #QM/ K`F2i r2 TQbimHi2 Bb- i?2M- BM+QKTH2i2X q2 +MMQi 7Q`K 
RR
TQ`i7QHBQ #b2/ QM i?2 b?Q`i BMi2`2bi `i2- bBM+2 r Bb MQi  i`/2/ bb2iX h?2 #MF ++QmMi Bb i?2
QMHv 2tQ;2MQmbHv ;Bp2M bb2i M/ Bi Bb MQi bm{+B2Mi iQ ?2/;2 i?2 `M/QKM2bb Q7 i?2 "`QrMBM
KQiBQM BM i?2 r /vMKB+bX h?2 pHm2 Q7  TQ`i7QHBQ #b2/ QM i?2 #MF ++QmMi Dmbi p`B2b
++Q`/BM; iQ i?2 2pQHmiBQM Q7 i?2 b?Q`i `i2 M/ Bi Bb +H2`Hv BMbm{+B2Mi iQ `2THB+i2 KQbi ivT2b
Q7 /2`BpiBp2bX AM+QKTH2i2M2bb BKTHB2b i?i T`B+2b `2 MQi mMB[m2X JQ`2 7Q`KHHv- +QKTH2i2M2bb
2Mbm`2b i?i i?2 K`iBM;H2 K2bm`2 Q Bb mMB[m2- ?2M+2 i?2 K`F2i T`B+2 Q7 `BbF λ Bb mMB[m2 iQQX
J`iBM;H2 K2bm`2b M/ K`F2i T`B+2b Q7 `BbF `2 MQi mMB[m2 BM M BM+QKTH2i2 K`F2iX h?mb-
7Q` 2+? K2bm`2 i?2`2 2tBbib M bbQ+Bi2/ K`F2i T`B+2 Q7 `BbF- ?2M+2  T`B+2 +QMbBbi2Mi rBi?
#b2M+2 Q7 `#Bi`;2X S`B+2b BM BM+QKTH2i2 K`F2ib `2 T`iBHHv /2i2`KBM2/ #v i?2 ;;`2;i2
bmTTHv M/ /2KM/X J`F2i 7Q`+2b BMi2`+i M/ BKTHB+BiHv /2i2`KBM2  bT2+B}+ K`F2i T`B+2 Q7
`BbF Q` 2[mBpH2MiHv  bT2+B}+BiB2b K`iBM;H2 K2bm`2X LQr r2 +M KF2 b2Mb2 Q7 i?2 bbmKTiBQM
`2;`/BM; i?2 2tBbi2M+2 Q7  K`F2i 7Q` 2p2`v T @#QM/X 1tBbi2M+2 Q7 i?2 K`F2i BKTHB2b i?i i?2
KQ/2H +M #2 +HB#`i2/ iQ K`F2i /i- BX2X T`K2i2`b Q7 i?2 i?2Q`2iB+H T`B+2 2tT`2bbBQM `2
+HB#`i2/ iQ }i i?2 Q#b2`p2/ T`B+2b QM i?2 K`F2iX S`B+2b `2 /2i2`KBM2/ T`iHv #v i?2 /vMKB+b
Q7 i?2 b?Q`i `i2 M/ T`iHv #v K`F2i 7Q`+2bX h?2`2 `2 b2p2`H +QM+2Bp#H2 K`F2i T`B+2b Q7
`BbF- 2p2MimHHv QM2 Bb ǳ+?Qb2MǴ #v ;2Mib r?2M 7Q`KBM; i?2 Q#b2`p2/ T`B+2X
RXj *?M;2 Q7 LmK2`B`2
 MmK2`B`2 Bb  i`/2/ bb2i rBi?Qmi /BpB/2M/b- r?B+? Bb mb2/ iQ MQ`KHBx2 i?2 bb2i T`B+2bX
:Bp2M i?2 T`B+2b Q7 i?2 n+ 1 bb2ib BM i?2 K`F2i S0, S1, . . . , Sn M/ +?QQbBM; S0 b MmK2`B`2-










r?2`2 Si(t) /2MQi2b i?2 `2HBbiBQM Q7 i?2 i@i? T`B+2 T`Q+2bb i iBK2 tX "v K`iBM;H2 T`B+2
i?2Q`v U"Dƺ`F- kyyN- *?Ti2` RyV- r2 FMQr i?i i?2 K`F2i Bb 7`22 Q7 `#Bi`;2 B7 i?2`2 2tBbib 






, . . . ,
Sn(t)
Si(t)










r?2`2 Ei /2MQi2b i?2 2tT2+iiBQM iF2M mM/2` `BbF M2mi`H T`Q##BHBiv Qi bbQ+Bi2/ iQ i?2
MmK2`B`2 SiX *?QQbBM; B(t) = e
! t
























Ai Kv #2 i?2 +b2 i?i brBi+?BM; 7`QK  MmK2`B`2 iQ MQi?2` QM2 bBKTHB}2b i?2 +QKTm@
iiBQMH +QKTH2tBiv Q7 i?2 T`B+BM; ibFX q2 Kmbi }M/  rv iQ KQp2 7`QK QM2 MmK2`B`2 iQ
MQi?2` 2M/BM; mT rBi? +QMbBbi2Mi T`B+2b BM #Qi? +b2bX hQ i?Bb 2ti2Mi r2 7QHHQr U"Dƺ`F- kyyN-
*?Ti2` keV- TH2b2 `272` iQ U"`B;Q  J2`+m`BQ- kyyd- a2+iBQM kXk@kX8V 7Q`  K2iB+mHQmb i?2Q`2iB+H
















































bbmK2 i?i Q0 Bb  K`iBM;H2 K2bm`2 7Q` i?2 MmK2`B`2 S0 M/ bbmK2 i?i S1 Bb  TQbBiBp2
bb2i T`B+2 T`Q+2bb bm+? i?i S1(t)S0(t) Bb  Q






, 0 ≤ t ≤ T.
h?2M Q1 Bb  K`iBM;H2 K2bm`2 7Q` S1X
S`QQ7X h?2 i?2Q`2K bii2b i?i i?2 MQ`KHBb2/ T`Q+2bb Π(t;X)S1(t) Bb  Q



















































bbmK2 #b2M+2 Q7 `#Bi`;2 M/ i?i MmK2`B`2b 2pQHp2 b dSi(t) = αi(t)Si(t)dt+Si(t)σi(t)dW 0(t)
7Q` i = {0, 1}- r?2`2 W 0 /2MQi2b i?2 Q0@"`QrMBM KQiBQMX h?2 /vMKB+b Q7 i?2 HBF2HB?QQ/ T`Q@







r?2`2 φ10 Bb i?2 :B`bMQp F2`M2HR 7Q` i?2 i`MbBiBQM 7`QK Q0 iQ Q1- ;Bp2M #v
φ10(t) = σ1(t)− σ0(t).









dSi(t) = αi(t)Si(t)dt+ Si(t)σi(t)dW
0(t).
TTHvBM; AiƬ 7Q`KmH- r2 FMQr i?i dL10(t) BM+Hm/2b i?2 }`bi M/ b2+QM/ /2;`22 /Bz2`2MiBH 2z2+ib



























= L10(t)[· · · ]dt+ L10(t)[σ1(t)− σ0(t)]dW 0(t).
R"v i?2 :B`bMQp i?2Q`2K- dWP (t) = φ(t)dt+ dWQ(t)X U"Dƺ`F- kyyN- a2+iBQM RRXjV
R9




h?2 T @7Q`r`/ K2bm`2 QT Bb /2}M2/ b i?2 K`iBM;H2 K2bm`2 7Q` i?2 MmK2`B`2 T`Q+2bb
p(t, T ) M/ vB2H/b i?2 T`B+2 Q7 Mv T @+HBK X b
Π(t;X) = p(t, T )ET [Π(T ;X)|Ft].
q?2M2p2` r Bb /2i2`KBMBbiB+- T`B+BM; mM/2` i?2 K2bm`2 Q Bb 2[mBpH2Mi iQ T`B+BM; mM/2` QT X 6Q`
i?Bb +?QB+2 Q7 MmK2``2 r2 ?p2 i?i
LT (T ) =
dQT
dQ =
B(0) · p(T, T )






:Bp2M i?i i?2 Q@/vMKB+b Q7 i?2 T @#QM/ T`B+2 `2
dp(t, T ) = r(t)p(t, T )dt+ p(t, T )v(t, T )dWQ(t),
i?2 LT /vMKB+b `2 ;Bp2M #v
dLT (t) = LT (t)v(t, T )dWQ(t),
r?2`2 v(t, T ) Bb i?2 pQHiBHBiv T`K2i2`X
RX9 6Q`2B;M LmK2`B`2
"`Q/Hv bT2FBM;- BM~iBQM +QMM2+ib i?2 MQKBMH M/ `2H T`B+BM; bB/2b Q7 Mv [mMiBiB2bX AM/22/-
i?2 MHvbBb Q7 BM~iBQM `2[mB`2b #Qi? MQKBMH M/ `2H /iX 6Q` i?2 KQK2Mi- r2 Dmbi bBKTHBb@
iB+HHv bv i?i i?2`2 `2 irQ `2;BK2b, i?2 MQKBMH M/ i?2 `2H QM2X SH2b2 `272` iQ *?Ti2` k
7Q`  i?Q`Qm;? 2tTHMiBQMX h?2v `2 b2T`i2/- #mi +HQb2Hv HBMF2/Xc Bi Bb BKTQ`iMi iQ MBK#Hv
KQp2 #2ir22M i?2 irQX hQ i?Bb 2ti2Mi- Bi Bb +QKKQM iQ `2/ Q7 i?2 MHQ;v rBi? +m``2M+v K`F2i
U"`B;Q  J2`+m`BQ- kyyd- a2+iBQM kXNVX b Bi Bb TQbbB#H2 iQ brBi+? 7`QK i?2 /QK2biB+ +m``2M+v
iQ  7Q`2B;M QM2 rBi? M 2t+?M;2 `i2- bBKBH`Hv r2 +M brBi+? 7`QK i?2 MQKBMH `2;BK2 iQ i?2
`2H QM2 rBi? M BM~iBQM BM/2tX qBi? i?Bb MHQ;v r2 +M `272` iQ i?2 MQKBMH `2;BK2 b i?2
/QK2biB+ K`F2i M/ iQ i?2 `2H `2;BK2 b i?2 7Q`2B;M `2;BK2X
G2i mb +QMbB/2`  7Q`2B;M K`F2i- r?2`2 M bb2i Xf Bb i`/2/- Bf Bb i?2 KQM2v ++QmMi M/
Qf Bb +Q``2bTQM/BM; `BbF@M2mi`H K`iBM;H2 K2bm`2X h?Bb K`F2i +ib b +QmMi2`T`i Q7 i?2
/QK2biB+ K`F2i rBi? KQM2v ++QmMi B M/ `BbF@M2mi`H K2bm`2 QX h?2 T`Q+2bb E Bb i?2 bTQi
2t+?M;2 `i2 #2ir22M i?2 7Q`2B;M M/ i?2 /QK2biB+ +m``2M+v- K2MBM; i?i QM2 mMBi Q7 7Q`2B;M
+m``2M+v Bb rQ`i? E(t) mMBib Q7 /QK2biB+ +m``2M+v i iBK2 tX bbmK2 i?i i?2 bb2i Bb  /2`BpiBp2
R8
TvBM; Qmi XfT i iBK2 T X h?2`27Q`2- i?2 `#Bi`;2@7`22 T`B+2 Q7 Xf i iBK2 t- P
f
t - BM i?2 7Q`2B;M
K`F2i Bb










h?Bb KQmMi 2[mHb iQ i?2 7QHHQrBM; KQmMi BM i?2 /QK2biB+ +m``2M+v,








6`QK i?2 TQBMi Q7 pB2r Q7  /QK2biB+ BMp2biQ` i?2 7Q`2B;M T`B+2 +QMp2`i2/- EtP ft - Kmbi 2[mH i?2

















h?2 _/QM@LBFQ/vK /2`BpiBp2 /2}MBM; i?2 +?M;2 Q7 K2bm`2 7`QK i?2 7Q`2B;M `BbF@M2mi`H







































b  +Q`QHH`v- +?M;BM; K2bm`2 7Q`K Qf iQ Q Bb 2[mBpH2Mi iQ +?M;BM; i?2 MmK2`B`2 7`QK
Bf iQ BE X 1+QMQKB+HHv- i?Bb +?M;2 Q7 K2bm`2 KQmMib iQ +?M;BM; i?2 MmK2`B`2 7`QK i?2
7Q`2B;M #MF ++QmMi iQ i?2 /QK2biB+ #MF ++QmMi i`MbHi2/ BMiQ 7Q`2B;M +m``2M+v i?`Qm;?
i?2 `2Hi2/ 2t+?M;2 `i2X h?Bb i?2Q`v Q#pBQmbHv ?QH/b 7Q` i?2 /Bb+QmMi 7+iQ`- p(·, T )- iQQX
JQpBM; 7`QK i?2 K2bm`2 bbQ+Bi2/ rBi? i?2 7Q`2B;M /Bb+QmMi 7+iQ` iQ i?2 QM2 bbQ+Bi2 rBi?





aQ 7`- r2 ?p2 #22M mbBM; MQKBMH `i2b M/ [mMiBiB2b- i?i Bb r2 ?p2 #22M K2bm`BM; pHm2b
BM i2`Kb Q7 KQM2vX w*"b +Qbi  +2`iBM KQmMi Q7 KQM2v M/ ;m`Mi22  bmK Q7 KQM2v
i Kim`Biv- *"b ;m`Mi22 HbQ i?2 KQM2v Q7 +QmTQMb /m`BM; Bib HB72iBK2- i?2 #MF ++QmMi
/2b+`B#2b i?2 2pQHmiBQM Qp2` iBK2 Q7  biQ+F KQM2vX h?2 BMi`BMbB+ pHm2 Q7 i?2b2 +HBKb /2T2M/b
QM i?2 pHm2 Q7 i?2B` mMBi Q7 K2bm`2K2Mi, KQM2vX amTTQb2 r(t) = 0- i?2M dB(t) = 0X h?2`27Q`2
Mv bmK /2TQbBi2/ i iBK2 t BM i?2 #MF ++QmMi- bv īRyy- rBHH `2KBM i?2 bK2 BM i?2 7mim`2X
6m`i?2`KQ`2- bmTTQb2 BM~iBQM #2ir22M t M/ t+1 Bb kWX īRyy /2TQbBi2/ i iBK2 t rBHH #2 rQ`i?
`Qm;?Hv īN3 i t + 1- BM i?Bb b2iiBM;X h?2 KQmMi Q7 KQM2v `2KBM2/ +QMbiMi Qp2` iBK2- #mi
Bib pHm2 /2+`2b2/X S`B+2b `Bb2/- i?2`27Q`2 i?2 bK2 KQmMi Q7 KQM2v Bb +T#H2 Q7 #mvBM; H2bb
;QQ/bX h?Bb bBKTH2 2tKTH2 b?Qrb i?2 /Bz2`2M+2 #2ir22M MQKBMH M/ `2H pHm2bX AM MQKBMH
i2`Kb- i?2 /2TQbBi `2KBM2/ +QMbiMi- #mi- BM `2H i2`Kb- Bib pHm2 /2+`2b2/X LQKBMH pHm2b `2
K2bm`2/ BM i2`Kb Q7 KQM2v- `2H pHm2b BM i2`Kb Q7 ;QQ/b M/ b2`pB+2bX
:2M2`HHv- +HBKb `2 #mBHi mTQM MQKBMH [mMiBiB2bX 6Q` 2tKTH2-  w*" Tvb īR i Kim`BivX
q2 `2+HH 7`QK a2+iBQM RXR i?i i?2 vB2H/ Q7  w*" Bb y bm+? i?i
p(t, T ) = e−(T−t)·y × 1.
h?Bb Bb i?2 MQKBMH vB2H/- #2+mb2 Bi K2bm`2b BM KQM2i`v i2`Kb i?2 T`Q}i 7Q` i?2 H2M/2` M/
i?2 +Qbi 7Q` i?2 #Q``Qr2`X .Bb2MiM;HBM; i?2 2z2+i Q7 BM~iBQM- r2 }M/ i?2 `2H vB2H/X hvTB+HHv-
MQKBMH vB2H/b `2 ?B;?2` i?M `2H QM2b- b  `2bmHi Q7 BM~iBQMX LQr Bi Bb +H2` r?v r2 M22/ iQ
/2}M2 MQKBMH M/ `2H [mMiBiB2bX AM i?2 7QHHQrBM;- r2 rBHH mb2 r M/ n b bm#b+`BTib iQ /2MQi2
`2H M/ MQKBMH [mMiBiB2bX h?2 T`B+2 Q7  `2HfMQKBMH T @w*" i iBK2 t Bb
Pk(t, T ) = e
−
! T






, 7Q` k ∈ {r, n}
Rd
M/- bBKBH`Hv- i?2 iBK2 t pHm2 Q7 i?2 `2HfMQKBMH #MF ++QmMi Bb
Bk(t) = e
! t
0 rk(u)du, 7Q` k ∈ {r, n}.
q2 H`2/v /2}M2/ MQKBMH 7Q`r`/ M/ b?Q`i `i2b M/- 7Q` i?2 bF2 Q7 +QKTH2i2M2bb- r2 bT2+@
mH`Hv /2}M2 `2H MHQ;m2bX h?2 `2HfMQKBMH BMbiMiM2Qmb 7Q`r`/ `i2 +QMi`+i2/ i iBK2
iBK2 7Q` i?2 BM}MBi2bBKH BMi2`pH [T, T + dT ] `2 /2}M2/ b
fk(t, T ) = −
∂ logPk(t, T )
∂T
, 7Q` k ∈ {r, n}.
h?2`27Q`2- r2 /2MQi2 `2HfMQKBMH BMbiMiM2Qmb b?Q`i `i2b b
rk(t) = fk(t, t), 7Q` k ∈ {r, n}.
1p2MimHHv- r2 /2MQi2 I(t) i?2 T`B+2 BM/2t pHm2 i iBK2 tX 6Q`  KQ`2 i?Q`Qm;? /Bb+mbbBQM #Qmi
T`B+2 BM/2t2b- TH2b2 `272` iQ a2+iBQM jXjX
_2K`F kXR
Pn(t, T ) Bb i?2 T`B+2  iBK2 t Q7 MQKBMH T @w*" 2tT`2bb2/ BM 2m`QbX Pr(t, T ) Bb i?2 T`B+2 i iBK2
t Q7  `2H T @w*" 2tT`2bb2/ BM T`B+2 BM/2t mMBibX h?Bb bii2K2Mi b22Kb +QmMi2`BMimBiBp2 i }`bi
bB;?i- H2i mb ;Bp2 bQK2 +H`B}+iBQMX bbmK2 r2 ?p2 irQ 2+QMQKB2b-  /QK2biB+ M/ 7Q`2B;M QM2X
q2 HBp2 BM i?2 /QK2biB+ 2+QMQKv M/ mb2 i?2 /QK2biB+ +m``2M+vX h?2 /QK2biB+ 2+QMQKv- M/ Bib
bbQ+Bi2/ +m``2M+v- Bb i?2 MQKBMH 2+QMQKv rBi? MQKBMH T`B+2bX h?2 7Q`2B;M 2+QMQKv Bb i?2
`2H 2+QMQKv rBi? `2H T`B+2bX h?2 T`B+2 BM/2t I(t) Bb i?2 bTQi 2t+?M;2 `i2 iQ +QMp2`i KQmMib
#2ir22M i?2 irQ +m``2M+B2b i iBK2 tX h?Bb 7`K2rQ`F Bb FMQrM b 7Q`2B;M +m``2M+v MHQ;v M/
Bi Bb KQiBpi2/ #v i?2 7+i i?2 r2 HBp2 BM  MQKBMH@i2`K rQ`H/- r?2`2b `2H pHm2b `2 #bi`+i
[mMiBiB2bX h?2`27Q`2- Pr(t, T ) Bb 2tT`2bb2/ BM i?2 7Q`2B;M `2H +m``2M+v M/ r2 ?p2 iQ TTHv i?2
2t+?M;2 `i2 I(t)- BM Q`/2` iQ ;2i i?2 T`B+2 BM Qm` MQKBMH /QK2biB+ +m``2M+vX
>2M+2- r2 /2}M2 i?2 T`B+2 BM 2m`Qb UQ` r?i2p2` Qi?2` MQKBMH +m``2M+v BM mb2V Q7  `2H
T @w*" b
PTIPS(t, T ) = I(t)Pr(t, T ).
ǳhASaǴ biM/b 7Q` h`2bm`v@AM~iBQM@S`Qi2+i2/@a2+m`BivX hASa `2 /2#i BMbi`mK2Mib Bbbm2/ #v
;Qp2`MK2Mib iQ `Bb2 7mM/b- ;m`Mi22BM;  }t2/ `2H vB2H/X aT2+B}+HHv- hASa `2 Bbbm2/ #v i?2
la h`2bm`v M/ +K2 iQ /2MQi2 #v MHQ;v i?2 #`Q/ p`B2iv Q7 bQp2`2B;M BM~iBQM T`Qi2+i2/
b2+m`BiB2b- MQirBi?biM/BM; i?2 BbbmBM; ;Qp2`MK2MiX q2 /2}M2 i?2 T`B+2 i iBK2 t Q7  hASa@*"











*QmTQMb M/ 7+2 pHm2 `2 mTr`/Hv /Dmbi2/ #v i?2 BM~iBQM 7+iQ` I(t)I(t0) #2ir22M i?2 BbbmM+2
/i2 t0 M/ i?2 T`B+2 pHmiBQM /i2- iQ F22T i?2 `2H vB2H/ +QMbiMiX a?QmH/ I(t)I(t0) < 1- i?i Bb
R3
b?QmH/ T`B+2b /2~i2- i?2 `iBQ rQmH/ #2 F2Ti +QMbiMi i RX h?2 BM~iBQM +Q``2+iBQM 7+iQ` ?b
 HQr2` #QmM/ ~QQ` i mMBiv- r?B+? +QMbiBimi2b M 2K#2//2/ Tmi QTiBQM 7Q` BMp2biQ`bX h?2 pHm2
Q7 i?Bb T`Qi2+iBQM `2KBMb M2;HB;B#H2- b ?`b? /2~iBQM Bb  `2KQi2 Q++m``2M+2X
la hASa ?p2 #22M i`/2/ bBM+2 RNNd- H#2Bi BKT`Qp2/ HB[mB/Biv Q7 i?2b2 BMbi`mK2Mib rb
KBH/Hv /BbTHv2/ QMHv 7i2` kyyjX h?2v `2 Bbbm2/ BM i2`Kb Q7 8- Ry- M/ jy v2`b- i?2v Tv
+QmTQMb irB+2  v2`X h?2v `2 BM/2t2/ iQ i?2 *SA@m- MQi b2bQMHHv /Dmbi2/X "hSīB M/
"hSB `2 AiHBM MHQ;m2bX "hSīB `2 BM/2t2/ iQ i?2 >A*S@2tXiQ#++QX "hSB `2 BM/2t2/ iQ
i?2 AiHBM *SA 6PAMi U6KB;HB /B PT2`B 2/ AKTB2;iB- 2b+HmbQ i#++QVX h?2v `2 Bbbm2/ BM
i2`Kb Q7 8- Ry- R8 M/ jy v2`b M/ Tv b2K2bi`H +QmTQMbX SvK2Mib `2 KQ/B}2/ ++Q`/BM; iQ






BI Bb #b2 BM~iBQM- BX2X i?2 `272`2M+2 BM~iBQM i iBK2 Q7 BbbmM+2X RIy,m,d Bb i?2 `272`2M+2
BM~iBQM 7Q` /v d Q7 KQMi? m BM v2` y M/ Bi Bb /2i2`KBM2/ b
RIy,m,d = Iy,m−3 +
d− 1
/vb BM m · (Iy,m−2 − Iy,m−3).
h?2 h`2bm`v JBMBbi`v Tm#HBb?2b KQMi?Hv CIy,m,d pHm2b 7Q` 2+? KQMi?X
kXk w2`Q@*QmTQM AM~iBQM@AM/2t2/ arT
M BM~iBQM@BM/2t2/ brT Bb  brT r?2`2- QM 2+? TvK2Mi /i2-  Tvb iQ " i?2 BM~iBQM `i2
Q7  ;Bp2M T`B+2 BM/2t Qp2`  +2`iBM T2`BQ/- M/ " Tvb iQ   }t2/ `i2 7Q` i?2 bK2 T2`BQ/X
h?2 w2`Q@*QmTQM BM~iBQM@BM/2t2/ brT T`QpB/2b  bBM;H2 brT i Kim`BivX .2MQi2/ Kim`Biv
b TM = M v2`b- i?2 }t2/ `i2 b K- i?2 MQKBMH KQmMi b N - i?2 }t2/ KQmMi Bb
N [(1 +K)M − 1],








a2+iBQM RXk BKTHB2b i?i i?2 pHm2 i iBK2 t Q7  TM @w*AAa BM~iBQM@BM/2t2/ H2; Bb













q2 /2MQi2 #v Qn M/ Qr i?2 `BbF M2mi`H K2bm`2 bbQ+Bi2/ iQ MQKBMH M/ `2H `i2b- `2@
bT2+iBp2HvX EQn /2MQi2b i?2 2tT2+iiBQM iF2M mM/2` i?2 MQKBMH `BbF M2mi`H K2bm`2 QnX b
2tTHBM2/ BM U"`B;Q  J2`+m`BQ- kyyd- *?Ti2` ReV- #v i?2 7Q`2B;M +m``2M+v MHQ;v- i?2 MQKBMH
T`B+2 Q7  `2H w*" Bb 2[mH iQ i?2 MQKBMH T`B+2 Q7  +QMi`+i TvBM; QM2 `2H mMBi +QMp2`i2/ BM
MQKBMH +m``2M+v,

















>2M+2- i?2 w*AAa pHm2 Bb ;Bp2M #v




Pr(t, TM )− Pn(t, TM )
]
.
i iBK2 t = 0 i?Bb bBKTHB}2b BMiQ
ZCIISfl(0, TM , I(0), N) = N [Pr(0, TM )− Pn(0, TM )] .
h?Bb 7Q`KmHiBQM `2[mB`2b QMHv 2tQ;2MQmb BM7Q`KiBQMX h?2 T`B+2 Q7 i?2 }t2/ H2; i iBK2 i4y Bb







(1 +K)M − 1
)]
= NPn(0, TM )
(
(1 +K)M − 1
)
.
h?2 TvQz 7Q` i?2 }t2/ H2; Tv2` Bb ;Bp2M #v i?2 7Q`KmH
{ZCIISfl(0, Tm, I(0), N)− ZCIISfix(0, Tm, I(0), N)} =
=
{
N [Pr(0, TM )− Pn(0, TM )]−NPn(0, TM )
[
(1 +K)M − 1
]}
.
aBM+2 AAa `2 [mQi2/ BM i2`Kb Q7 K- r2 +M 2[mi2 i?2 MQKBMH T`2b2Mi pHm2 Q7 i?2 }t2/ H2; iQ
i?2 ~QiBM; H2; M/ Q#iBM i?2 `2H /Bb+QmMi 7+iQ`X aBM+2 i?2 +QMi`+i b?QmH/ ?p2 MmHH pHm2 i
iBK2 t = 0-
N [Pr(0, TM )− Pn(0, TM )] = NPn(0, TM )
[
(1 +K)M − 1
]
.
EMQrBM; K = K(TM ) 7`QK K`F2i T`B+2b M/ Pn(0, TM ) 7`QK i?2 +m``2Mi MQKBMH w*" +m`p2-
r2 +M bQHp2 7Q` Pr(0, TM ),
Pr(0, TM ) = Pn(0, TM )(1 +K(TM ))
M .
q2 +M- i?mb- iQ bi`BT `2H w*" T`B+2b 7`QK i?2 [mQi2/ T`B+2b Q7 w*AAaX
kXj u2`@QM@u2` AM~iBQM@AM/2t2/ arT
h?2 v2`@QM@v2` BM~iBQM@BM/2t2/ brT b?`2b i?2 bK2 bi`m+im`2 Q7  w*AAa- #mi i?2 b+?2K2 Bb
`2T2i2/ i 2+? iBK2 TiX h?2 +QMi`+i }t2/@H2; v2` 7`+iBQM 7Q` i?2 BMi2`pH [Ti−1, Ti] Bb /2MQi2/
b φi- r?BH2 ψi Bb i?2 ~QiBM;@H2; v2` 7`+iBQM 7Q` i?2 BMi2`pH [Ti−1, Ti]c T0 = 0 M/ N Bb i?2








h?2 pHm2 i iBK2 t ≤ Ti Q7 i?2 ~QiBM; H2; TvQz i iBK2 Ti Bb














q2 7QHHQr i?2 2tTHMiBQM Q7 U"`B;Q  J2`+m`BQ- kyyd- *?Ti2` ReVX 6Q` Ti−1 ≤ t ≤ Ti i?2 pHm2
Bb +QKTmi2/ b ZCIISfl(t, Ti, I(Ti−1),ψiN)c 7Q` t < Ti−1 r2 +M r`Bi2





















h?2 BMM2` 2tT2+iiBQM Bb  ZCIISfl(Ti−1, Ti, I(Ti−1), 1) M/ r2 mb2 2[miBQM UkXkV iQ r`Bi2

















h?2 pHm2 i iBK2 t Q7 i?2 BM~iBQM@BM/2t2/ H2; Bb ;Bp2M #v i?2 bmK Q7 i?2 ~QiBM; TvK2Mib mT
iQ TM
YYIISfl(t, T ,Ψ, N) = YYIISfl(t, Tι(t)−1, Tι(t),ψι(t), N) +
M∑
i=ι(t)+1
YYIISfl(t, Ti−1, Ti,ψi, N)
= ZCIISfl(t, Tι(t), I(ιt−1),ψι(t)N) +
M∑
i=ι(t)+1
YYIISfl(t, Ti−1, Ti,ψi, N)
UkX9V
r?2`2 T = {T1, . . . , TM}- Ψ = {ψ1, . . . ,ψM} M/ ι(t) = min{i : Ti ≥ t}X h?2 7Q`KmHiBQM
`2/m+2b i iBK2 t = 0 iQ
YYIISfl(0, T ,Ψ, N) = ZCIISfl(0, T1, I(0),ψ1N) +
M∑
i=2
YYIISfl(t, Ti−1, Ti,ψi, N).














>Qr2p2`- `2H `i2b `2 biQ+?biB+ M/ i?2 2tT2+i2/ pHm2 Bb KQ/2H /2T2M/2MiX q2 /Bb+mbb i?2





r?B+? Bb  K`iBM;H2 mM/2` i?2 MQKBMH Ti@7Q`r`/ K2bm`2 7Q`  ;2M2`B+ Kim`Biv Ti- QTin - rBi?
bbQ+Bi2/ 2tT2+iiBQM bB;M ETin X q2 bbmK2 i?i Ii(t) 2pQHp2b rBi? HQ;@MQ`KH /vMKB+b
dIi(t) = σI,iIi(t)dW Ii (t),
kR
r?2`2 σI,i Bb  TQbBiBp2 +QMbiMi M/ W Ii Bb  QTin @"`QrMBM KQiBQMX h?2M- r2 +M r`Bi2 i?2
pHm2 i iBK2 t < Ti−1 Q7 i?2 ~QiBM; H2; mM/2` i?2 T in@7Q`r`/ K2bm`2 mbBM; UkX8V b




























AM 2[miBQM UkXeV r2 mb2 i?2 7+i i?i Ii(Ti) Bb  K`iBM;H2 rBi? `2bT2+i iQ i?2 T`Q##BHBiv QTin -
b TQbimHi2/ BM 2[miBQM UkX8V h?2 2pQHmiBQM /vMKB+b Q7 Ii−1(t) mM/2` QTi−1n `2 dIi−1(t) =
σI,i−1Ii−1(t)dW Ii−1(t)- bvKK2i`B+HHv iQ i?2 2pQHmiBQM Q7 Ii(t) mM/2` QTin X >Qr2p2`- r2 M22/ iQ
/2`Bp2 i?2 /vMKB+b mM/2` i?2 K2bm`2 QTin . a2+iBQM RXj M/ i?2 +?M;2 Q7 MmK2``B2 i?2Q`v (b22










r?2`2 W Ii−1 Bb  QTin @"`QrMBM KQiBQM rBi? dW Ii−1(t)dW Ii (t) = ρI,idt M/ ρI,n,i Bb i?2 BMbiM@
iM2Qmb +Q``2HiBQM #2ir22M Ii−1(·) M/ Fn(·;Ti1, Ti)X q2 F22T i?2 /`B7i Q7 dIi−1(t) BM 2[miBQM
UkXdV +QMbiMi i i?2 iBK2 t pHm2 iQ 2b2 +H+mHiBQMb,
− τiσn,iFn(t;Ti−1, Ti)
1 + τiFn(t;Ti−1, Ti)
ρI,n,i = µ̄t.
h?Bb bBKTHB}+iBQM HHQrb Ii−1(Ti−1) iQ #2 HQ;@MQ`KHHv /Bbi`B#mi2/ HbQ mM/2` QTin X "27Q`2
T`Q+22/BM; BM i?2 2pHmiBQM Q7 i?2 ~QiBM; H2;- r2 `2+HH i?i :"J 2pQHmiBQM /vMKB+b Q7


























6BMHHv- r2 `2+HH i?i i?2 2tTQM2MiBHb BM 2[miBQM UkX3V `2 HQ;@MQ`KHHv /Bbi`B#mi2/c i?2M r2












Ci(T ) = −σI,i−1 [σI,i−1 − µ̄t − ρI,iσI,i] (Ti−1 − t).
h?2`27Q`2-














h?2 T`B+2 i iBK2 t Q7 i?2 BM~iBQM@BM/2t2/ H2; Q7 i?2 brT U;2M2`HHv- i?2 T`B+2 Q7 i?2 uuAAa
+QMi`+iV Bb ;Bp2M #v i?2 w*AAa M/ uuAAa 7Q`KmHb- b b?Qr2/ #v 2[miBQM UkX9V- `2bmHiBM; BM





























eCi(t) − Pn(t, Ti).
]
UkXNV
oHmiBQM  iBK2 t = 0 `2/m+2b iQ
























1 + τiFn(0;Ti−1, Ti)




r?2`2 i?2 Hbi 2[miBQM 7QHHQrb #v /2}MBiBQM Q7 bBKTH2 MQKBMHf`2H 7Q`r`/ `i2 Ub22 2[miBQM
URXRV 7Q` i?2 ;2M2`H +b2VX
h?Bb uuAAa T`B+2 `2[mB`2b i?2 pQHiBHBiB2b Q7 7Q`r`/ BM~iBQM BM/B+2b- σI,ic i?2 pQHiBHBiB2b
Q7 MQKBMH 7Q`r`/ `i2b- σn,ic i?2 BMbiMiM2Qmb +Q``2HiBQMb #2ir22M 7Q`r`/ BM~iBQM BM/B+2b
M/ MQKBMH 7Q`r`/ `i2b- ρI,n,iX h?Bb b2iiBM; ?b  r2FM2bb BM i?2 TT`QtBKiBQM r2 ?p2 iQ
bbmK2 Qp2` µ̄tX am+? bQHmiBQM rQmH/ #2 ?`KH2bb B7 +Q``2HiBQMb ρI,n,i r2`2 MmHHX aBM+2- ;2M2`HHv-
i?2 +Q``2HiBQM #2ir22M BM~iBQM M/ MQKBMH `i2b Bb TQbBiBp2- 2bT2+BHHv 7Q` HQM;2` Kim`BiB2b-




AM i?Bb +?Ti2` r2 rBHH Qz2`  #`B27 bmKK`v Q7 i?2 HBi2`im`2 `2;`/BM; BMi2`2bi `i2 M/ BM~iBQM
KQ/2HHBM;X a2p2`H KQ/2Hb M/ i2+?MB[m2b `2 T`2b2Mi2/ BM  7B`Hv ;2M2`H +QMi2tiX aQK2 Q7 i?2K
rBHH #2 b2H2+i2/ M/ TTHB2/ BM i?2 M2ti +?Ti2` 7Q` KQ/2HHBM; Tm`TQb2bX
jXR a?Q`i _i2 JQ/2Hb
h?2 /Bb+mbbBQM Q7 a2+iBQM RXk T`Qp2b i?i- ;Bp2M i?2 P@/vMKB+b Q7 i?2 b?Q`i `i2
dr(t) = µ(t, r(t))dt+ σ(t, r(t))dW P(t),




Ft + {µ− λσ}Fr + 12σ
2Frr − rF = 0,
F (T, r) = Φ(r).
h?2 i2`K (µ − λσ) Bb T`2+Bb2Hv i?2 /`B7i i2`K Q7 i?2 b?Q`i `i2 mM/2` K2bm`2 QX h?2`27Q`2-
KQ/2HHBM; b?Q`i `i2b mM/2` i?2 K`iBM;H2 K2bm`2 Q
dr(t) = µQ(t, r(t))dt+ σ(t, r(t))dW
Q(t) UjXRV




Ft + µQFr +
1
2σ
2Frr − rF = 0,
F (T, r) = Φ(r).
q2 +HQb2Hv 7QHHQr U"Dƺ`F- kyyN- *?Ti2` k9V BM i?Bb /Bb+mbbBQMX q2 bbmK2 BM i?2 7QHHQrBM;
/Bb+mbbBQM- mMH2bb Qi?2`rBb2 bii2/- i?i i?2 /`B7i Bb bT2+B}2/ mM/2` i?2 K`iBM;H2 K2bm`2- BX2X
W = WQ M/ µ = µQX
aQK2 KQ/2Hb +QMbB/2`#Hv 2b2 i?2 +QKTmiiBQMH BMpQHp2K2Mi `2[mB`2/ iQ bQHp2 i?2 i2`K
bi`m+im`2 2[miBQMX {M2 KQ/2Hb b?`2 i?Bb 72im`2X
k9
.2}MBiBQM jXR U{M2 h2`K ai`m+im`2V
:Bp2M i?2 i2`K bi`m+im`2
{p(t, T ); 0 ≤ t ≤ T, T > 0} rBi? p(t, T ) = F (t, r(t);T ),
i?2 KQ/2H Bb bB/ iQ TQbb2b M {M2 i2`K bi`m+im`2 r?2M F ?b i?2 7Q`K
F (t, r(t);T ) = eA(t,T )−B(t,T )r.
A(t, T ) M/ B(t, T ) `2 /2i2`KBMBbiB+ 7mM+iBQMbX
_2K`F jXR
h?2 +QKTmiiBQMH bBKTHB}+iBQM Q7 bQK2 KQ/2Hb /2`Bp2b 7`QK i?2 BKTHB2/ /Bbi`B#miBQM Q7 i?2
b?Q`i `i2X h?2 obBÍ2F- >Q@G22 M/ >mHH@q?Bi2 KQ/2Hb vB2H/ MQ`KHHv /Bbi`B#mi2/ b?Q`i `i2bX
obBÍ2F KQ/2H UobBÍ2F- RNddV dr(t) = (β − αr(t))dt+ σdW (t), α > 0
>Q@G22 KQ/2H U>Q  G22- RN3eV dr(t) = θ(t)dt+ σdW (t)
>mHH@q?Bi2 KQ/2H U>mHH  q?Bi2- RNNyV dr = (θ(t)− α(t)r(t))dt+ σ(t)dW (t), α(t) > 0
aBM+2 i?2 BMi2;`H
∫ T
0 r(s)ds +M #2 i?Qm;?i Q7   bmK Qp2`  MQ`KHHv /Bbi`B#mi2/ p`B#H2- #QM/
T`B+2b






`2bmHi 7Q`K i?2 2tT2+i2/ pHm2 Q7  HQ;@MQ`KH biQ+?biB+ p`B#H2X
:Bp2M i?2 Q@/vMKB+b Q7 i?2 b?Q`i `i2 UjXRV M/ bbmK2/ i?i #QM/ T`B+2b ?p2 {M2
`2T`2b2MiiBQM- i?2 i2`K bi`m+im`2 Bb ;Bp2M #v




σ2(t, r)F (t, r(t);T )[B2(t, T )]− rF (t, r(t);T ) = 0,
Q` 2[mBpH2MiHv
At(t, T )− [1 +Bt(t, T )]r − µ(t, r)B(t, T ) +
1
2
σ2(t, r)B2(t, T ) = 0. UjXkV
S`QTQbBiBQM jXR








#QM/ T`B+2b ?p2 {M2 i2`K bi`m+im`2 r?2M
F (t, r(t);T ) = eA(t,T )−B(t,T )r,
k8




Bt(t, T ) + α(t)B(t, T )− 12γ(t)B
2(t, T ) = −1





At(t, T ) = β(t)B(t, T )− 12δ(t)B
2(t, T )
A(T, T ) = 0
UjX9V




A(T, T ) = 0
B(T, T ) = 0.








>2M+2- i?2 i2`K bi`m+im`2 2[miBQM i`Mb7Q`Kb UjXkV BMiQ











h?Bb 2[miBQM ?QH/b 7Q` 2p2`v t- T M/ r- i?mb i?2 +Q2{+B2Mi 7Q` i?2 r@i2`K Kmbi 2[mH y,
Bt(t, T ) + α(t)B(t, T )−
1
2
γ(t)B2(t, T ) = −1.
h?2 bQHmiBQM Bb ;Bp2M #v




jXk 6Q`r`/ _i2 JQ/2Hb
.pB/ >2i?- _Q#2`i C``Qr M/ M/`2r JQ`iQM T`QTQb2/ U>2i? 2i HX- RNNkV  /Bz2`2Mi
K2i?Q/ iQ MHvx2 BMi2`2bi `i2bX h?Bb #mM/H2 Q7 +QM+2Tib M/ `2bmHib Bb FMQrM b >2i?@C``Qr@
JQ`iQM 7`K2rQ`FX Ai Bb BMi2`2biBM; iQ MQi2 i?2 mb2 Q7 i?2 i2`K ǳ7`K2rQ`FǴ BMbi2/ Q7 i?2 mbmH
ǳKQ/2HǴX h?2 >CJ 7`K2rQ`F /Q2b MQi TQbimHi2  bT2+B}+ KQ/2H- `i?2` Bi Qz2`b  /Bz2`2Mi
TT`Q+?, Bi b?B7ib i?2 T2`bT2+iBp2 Q7 MHvbBb 7`QK b?Q`i `i2b iQ 7Q`r`/ `i2bX aiBHH- b?Q`i `i2
KQ/2Hb M/ 7Q`r`/ `i2b KQ/2Hb `2 +QMM2+i2/ #v i?2 `2HiBQM r(t) = f(t, t)X AM i?2 7QHHQrBM;
/Bb+mbbBQM r2 7QHHQr U"Dƺ`F- kyyN- *?Ti2` k8VX
ke




df(t, T ) = α(t, T )dt+ σ(t, T )dW P
f(0, T ) = f⋆(0, T ),
UjX8V
r?2`2 W P Bb d@/BK2MbBQMH P@"`QrMBM KQiBQM M/ f⋆(0, T ) Bb i?2 7Q`r`/ `i2 Q#b2`p2/ BM i?2
K`F2i i iBK2 t = 0 7Q` Kim`Biv T X h?Bb bT2+B}+iBQM Qz2`b  biQ+?biB+ `2T`2b2MiiBQM BM
i?2 t@p`B#H2 7Q` 2+? T , Kim`Biv +ib b BM/2t 7Q` i?2 i?2Q`2iB+HHv BM}MBi2 /vMKB+b UQM2 7Q`
2+? Kim`BivVX h?2 BMBiBH +QM/BiBQM 2Mbm`2b i?2 T2`72+i }i #2ir22M i?2Q`2iB+H M/ Q#b2`p2/
#QM/ T`B+2b i t = 0 rBi?Qmi M2+2bbBiv Q7 BMp2`iBM; i?2 vB2H/ +m`p2X 6`QK 2[miBQM URXR8V- #QM/
/vMKB+b `2
dp(t, T ) = p(t, T )
{









A(t, T ) = −
∫ T
t α(t, s)ds,
S(t, T ) = −
∫ T
t σ(t, s)ds.
q2 B/2MiB7v i?2 `BbF T`2KBmK Q7 i?2 T @#QM/ BM i?2 [mMiBiv




M/ bii2 URXkyV BM i?2 KmHiB/BK2MbBQMH p2`bBQM
A(t, T ) +
1
2




hFBM; i?2 T @/2`BpiBp2- r2 +M KF2 b2Mb2 Q7 i?2 7QHHQrBM; i?2Q`2KX
h?2Q`2K jXR U>CJ /`B7i +QM/BiBQMV
:Bp2M M `#Bi`;2@7`22 #QM/ K`F2i M/ i?2 7Q`r`/ `i2 /vMKB+b UjX8V- i?2`2 2tBbi  d@
/BK2MbBQMH T`Q+2bb
λ(t) = [λ1(t), . . . ,λn(t)]
′
bm+? i?i 7Q` HH T M/ 7Q` HH t ≤ T
α(t, T ) = σ(t, T )
∫ T
t
σ(t, s)′ds− σ(t, T )λ(t). UjXeV




df(t, T ) = α(t, T )dt+ σ(t, T )dWQ
f(0, T ) = f⋆(0, T ).
AMimBiBp2Hv- KQ/2HHBM; mM/2` i?2 K`iBM;H2 K2bm`2 `2[mB`2b i?i λ = 0X h?2 K`F2i T`B+2 Q7
`BbF Bb i?2 :B`bMQp F2`M2H 7Q` i`MbBiBQM 7`QK i?2 Q K2bm`2 iQ i?2 P K2bm`2- #mi ?2`2 r2 `2
kd
rQ`FBM; /B`2+iHv mM/2` QX "2BM; KQ`2 7Q`KH- mM/2`  K`iBM;H2 K2bm`2 i?2 HQ+H `i2 `2im`M
Q7 #QM/ T`B+2b Kmbi 2[mH i?2 b?Q`i `i2
r(t) +A(t, T ) +
1
2
||S(t, T )||2 = r(t).
h?2Q`2K jXk
lM/2` i?2 K`iBM;H2 K2bm`2 Q i?2 >CJ /`B7i +QM/BiBQM `2/m+2b iQ
α(t, T ) = σ(t, T )
∫ T
t
σ(t, s)′ds, ∀ T M/ ∀ 0 ≤ t ≤ T UjXdV
h?2 >CJ 7`K2rQ`F +M #2 TTHB2/ iQ +QMbi`m+i  >CJ KQ/2H rBi? i?2 7QHHQrBM; bi2TbX
.2}M2 i?2 pQHiBHBiv bi`m+im`2 σ(t, T ) M/ Q#iBM i?2 /`B7i T`K2i2` α(t, T ) #v i?2 >CJ /`B7i
+QM/BiBQMX h?2M- `2i`B2p2 7`QK i?2 K`F2i i?2 +m``2Mi 7Q`r`/ `i2 bi`m+im`2 {f⋆(0, T );T ≥ 0}X
*QKTmi2 7Q`r`/ `i2b #v






σ(s, T )dW (s).
1p2MimHHv- +QKTmi2 #QM/ T`B+2b #v




"QM/ T`B+2b `2 2[mBpH2MiHv +QKTmi2/ #v
p(t, T ) = e−
! T








h?2 +m``2Mi K`F2i 7Q`r`/ `i2b +M #2 bi`BTT2/ 7`QK K`F2i #QM/ T`B+2bX h?2b2 `2 i?2
7`Qr`/ `i2b BKTHB2/ #v i?2 K`F2iX q2 M22/ iQ Q#iBM 7`Qr`/ `i2b 7Q` 2p2`v Kim`Biv T - #mi
ivTB+HHv r2 +M ?p2 ++2bb QMHv iQ  HBKBi2/ MmK#2` Q7 }MBi2 Kim`BiB2b- i?mb r2 Kv M22/ iQ
TT`QtBKi2 i?2 +QMiBMmQmb b2iiBM; rBi?  /Bb+`2iBb2/ QM2X
jXj AM~iBQM JQ/2HHBM;
AM~iBQMf.2~iBQM Bb /2}M2/ b i?2 T2`+2Mi;2 BM+`2b2f/2+`2b2 BM i?2 ;2M2`H T`B+2 H2p2H Q7
;QQ/b M/ b2`pB+2b BM M 2+QMQKv Qp2`  T2`BQ/ Q7 iBK2X h?2 i2`K ǳ/2~iBQMǴ Bb ``2Hv mb2/-
bBM+2 T`B+2 +?M;2b ?p2 ?BbiQ`B+HHv #22M TQbBiBp2 i?2 ;`2i KDQ`Biv Q7 iBK2bX h?2`27Q`2- i?2
i2`K ǳBM~iBQMǴ ?b HKQbi ;BM2/ i?2 K2MBM; Q7 T`B+2 +?M;2 iQmi +Qm`i- MQirBi?biM/BM; i?2
bB;M Q7 i?2 +?M;2X q2 M22/ iQ #2 KQ`2 bT2+B}+ `2;`/BM; i?2 T`B+2 H2p2H M/ i?2 T2`BQ/ Q7
iBK2X h?2`2 `2 KMv rv iQ K2bm`2 T`B+2 H2p2H- ?2M+2 i?2`2 `2 KMv pHm2b Q7 BM~iBQM i
i?2 bK2 iBK2X hvTB+HHv- r?2M `272``BM; iQ T`B+2 H2p2H r2 `272` iQ i?2 pHm2 Q7  T`B+2 BM/2tX
aiiBbiB+H ;2M+B2b b2H2+i  #bF2i Q7 ;QQ/b M/ b2`pB+2b `2H2pMi 7Q`  bQ+BH +i2;Q`vX h?2M-
k3
i?2v `2i`B2p2 i?2 T`B+2 Q7 i?2b2 ;QQ/b M/ b2`pB+2b Qp2` iBK2X 1+? 2Mi`v `2+2Bp2b  r2B;?i #b2/
QM i?2 `2H2pM+2 Q7 i?2 Bi2K 7Q` i?2 +i2;Q`v mM/2` +QMbB/2`iBQMX  T`B+2 BM/2t Bb  r2B;?i2/
p2`;2 Q7 i?2 T`B+2 Q7 i?2 b2H2+i2/ #bF2i Q7 ;QQ/b M/ b2`pB+2bX h?2 `2bmHiBM; pHm2 Bb mbmHHv
BM/2t2/ iQ Ryy i bQK2 }t2/ iBK2- BM Q`/2` iQ 2Mbm`2 `2/#BHBivX .Bz2`2Mi #bF2ib M/ +i2;Q`B2b
+M #2 iF2M BMiQ ++QmMiX 6Q` 2tKTH2- i?2`2 `2 T`Q/m+2` T`B+2 BM/2t2b USSAbV Q` +QMbmK2`
T`B+2 BM/2t2b U*SAbVc KQM; *SAb- i?2`2 `2 m`#M +QMbmK2` T`B+2 BM/2t2b U*SA@mV- b2bQMHHv
/Dmbi2/ +QMbmK2` T`B+2 BM/2t2b U*SA@bVX S`B+2 +?M;2b `2 K2bm`2/ QM  KQMi?Hv #bBbX
>Qr2p2` r2 b?HH #2 r`2 i?i i?2 BM~iBQM `i2 7Q`  ;Bp2M KQMi? Bb MQi i?2 2z2+iBp2 `i2X
h?2`2 Bb  H; #2ir22M i?2 +?M;2 BM T`B+2 M/ i?2 /2i2+iBQM Q7 i?2 +?M;2X 6Q` i?2 la *SA@m
i?Bb H; KQmMib iQ irQ KQMi?b- K2MBM; i?i i?2 `i2 Tm#HBb?2/ QM J`+? b?QmH/ `272` iQ i?2





r?2`2 π(t) Bb i?2 BM~iBQM `i2 Tm#HBb?2/ QM KQMi? t M/ I(t) Bb i?2 pHm2 Q7 i?2 T`B+2 BM/2t
i KQMi? tX b r2 TQBMi2/ Qmi- π(t) Bb i?2 T`B+2 +?M;2 7Q` KQMi? t − ℓ- r?2`2 ℓ Bb i?2 H;
BM Tm#HB+iBQM Q7 Q{+BH biiBbiB+bX .2}MBiBQMb Q7 2+? +QM+2Ti M/ [mMiBiv K2MiBQM2/ +M #2
7QmM/ BM i?2 1m`Qbii :HQbb`vX AM~iBQM BM/2t2b `2 +QMbi`m+i2/ rBi? bBKBH` K2i?Q/QHQ;B2b-
#mi 2+? QM2 bHB;?iHv /Bz2`b 7`QK i?2 Qi?2`c 7Q` i?2 1m`QT2M ?`KQMBb2/ BM/2t Q7 +QMbmK2`
T`B+2b U>A*SV TH2b2 `272` iQ i?2 1m`QbiiX 1m`Qbii Q{+BH 2tTHMiBQM
*2Mi`H #MFb KM;2 KQM2i`v TQHB+B2b iQ 2Mbm`2  bi#H2- TQbBiBp2- M/ HQr BM~iBQM `i2
`QmM/ k@jWX h?Bb Bb #2HB2p2/ iQ #2 i?2 QTiBKH `i2 7Q` i?2 7QHHQrBM; `2bQMbX lMT`2/B+i2/ Q`
mMT`2/B+i#H2 BM~iBQM ;2M2`i2b 2+QMQKB+ M/ bQ+BH i2MbBQM- #2+mb2 ;2Mib +MMQi T`2/B+i i?2
pHm2 Q7 i?2B` 7mim`2 KQM2i`v biF2bX h?2v rBHH `2[mB`2 BM~iBQM `BbF T`2KBmK- i?2B` 7Q`2+bib
rBHH Q7i2M 7BH- +`2/Bi +?MM2Hb M/ BMp2biK2Mi rBHH ;2i +QMbi`BM2/X _BbF M/ mM+2`iBMiv `2
Hrvb /M;2`Qmb 7Q` bQmM/ 2+QMQKB+ ;`Qri?X 1t+2bbBp2 BM~iBQM Q` ?vT2`BM~iBQM- BX2X Qmi Q7
+QMi`QH BM~iBQM- +mb2b T`B+2 iQ +?M;2 bB;MB}+MiHv BM HBiiH2 iBK2X A7 HH T`iB2b M/ ;2Mib
+QmH/ T2`72+iHv M/ BMbiMiM2QmbHv /Dmbi i?2B` TQbBiBQMb iQ i?2 M2r T`B+2b- i?2M BM~iBQM rQmH/
#2 Dmbi  MmK2`B+ M/ BMMQ+mQmb b?B7i BM T`B+2 pHm2bX >Qr2p2`- i?Bb Bb MQi i?2 +b2- #2+mb2
iBK2- H2;H- 2+QMQKB+ M/ bQ+BH +QMbi`BMib T`2p2Mi T`B+2b 7`QK BMbiMiM2QmbHv /Dmbi iQ M2r
H2p2HbX h?2`27Q`2- 2t+2bbBp2 BM~iBQM #`BM;b #Qmi ;BM bQ+BH M/ 2+QMQKB+ i2MbBQM- b  `2bmHi
Q7 r2Hi? 2`QbBQM M/ mM+2`iBMiv `2;`/BM; 7mim`2 KQM2i`v biF2bX .2~iBQM- BX2X M2;iBp2
BM~iBQM- ?TT2Mb T`BK`BHv BM +QMi`+iBM; Q` bi;MiBM; 2+QMQKB2bX Ai +M #2 +mb2/ #v 2t+2bb
bmTTHv Q` r?2M KQM2v bmTTHv b?`BMFbX GQr BM~iBQM Q++m`b BM bQmM/ 2+QMQKB2b- r?2`2 ;`Qri?
?TT2Mb BM  bvbi2KB+HHv bmbiBM#H2 rvX q?2M ;2Mib M/ 2Mi2`T`Bb2b }M/  bQmM/ bQBH iQ ;`Qr
M/ T`QbT2`- i?2 ;`Qri? BM `B+?M2bb M/ +QMbmKTiBQM H2/b iQ  KBH/ BM+`2b2 BM T`B+2bX >B;?2`
/2KM/ biBKmHi2b bmTTHv M/ rQ`F2`b /2KM/ ?B;?2` r;2b iQ b?`2 i?2 2+QMQKB+ r2HH@#2BM;-
?QT27mHHv H2/BM; iQ  +QMi`QHH2/ BM~iBQM`v bTB`HX G2i mb bi`2bb i?i ;`Qri? BM r2HH@#2BM; M/
kN
6B;m`2 jXR, h?2 6PAMi BM/2t Bb M AiHBM *SA- r?B+? 2t+Hm/2b iQ#++Q 7`QK i?2 #bF2i mM/2`
+QMbB/2`iBQMX h?2 THQi b?Qrb pHm2b Q7 i?2 BM/2t #2ir22M CMm`v- R8i? kyyy M/ J`+?- R8i?
kykyX h?2 `Bb2 ?b #22M +QMbiMi mMiBH Jv kyRk- rBi? 2t+2TiBQM Q7 i?2 /`QT /m2 iQ i?2 kyy3
}MM+BH +`BbBbX 6`QK i?Bb TQBMi QMr`/- i?2 2pQHmiBQM ?b #22M H2bb BMi2Mb2 M/ b?FB2`X h?2
p2`;2 v2`Hv BM~iBQM #2ir22M CM@kyyy M/ Jv@kyRk rb k-R3W- r?BH2 p2`;2 v2`Hv BM~iBQM
#2ir22M Jv@kyRk M/ J`+?@kyky rb y-8RWX
+QMbmKTiBQM Bb MQi BM+QKTiB#H2 rBi? bQ+BHHv M/ 2MpB`QMK2MiHHv bmbiBM#H2 /2p2HQTK2MiX
h?Bb #`B27 MHvbBb b?Qrb r?v bi#H2- TQbBiBp2 M/ HQr BM~iBQM `i2 Bb QTiBKHX 6Q`  i?Q`Qm;?
MHvbBb TH2b2 `272` iQ U"HM+?`/- kyRe- *?Ti2`b e-d M/ 3VX
AM~iBQM THvb  KDQ` BM #Qi? }MM+BH M/ QT2`iBp2 /2+BbBQM KFBM;X Ai Kv #2 b22M b
BM/B+iQ` Q7 i?2 ?2Hi? biimb Q7 2+QMQKvX Ai Bb i?2 MmK2`B+H +QMb2[m2M+2 Q7 /22T 2+QMQKB+
T`Q+2bb2b M/ Bi Bb #H2 iQ ;2M2`i2 KTH2 bQ+BH im`KQBH, Dmbi i?BMF #Qmi i?2 AiHBM +b2
/m`BM; dyb- 3yb M/ Nyb Q`- BM  ?vT2`BM~iBQM +QMi2bi- iQ i?2 +b2 Q7 :2`KMv #2ir22M i?2
irQ rQ`H/ r`bX Ai Bb BKT2`iBp2 7Q` }MM+BH BMbiBimiBQM iQ 7Q`2+bi Bib #2?pBQm`- BM Q`/2` iQ
/Dmbi M/ pHm2 KQM2i`v T`2b2Mi M/ 7mim`2 KQM2i`v biF2bX JQ`2Qp2`- ;Qp2`MK2Mib ?p2
#22M BbbmBM; BM~iBQM T`Qi2+i2/ b2+m`BiB2b 7Q` i?2 Hbi irQ /2+/2b `Qm;?HvX Ai Bb i?2 +b2 Q7
la hASa Uh`2bm`v AM~iBQM S`Qi2+i2/ a2+m`BiB2bV Q` AiHBM "hSīBX h?2b2 b2+m`BiB2b /Dmbi
jy
mTr`/b TvK2Mib iQ +QMi`bi i?2 MQKBMH Tm`+?bBM; TQr2` `2/m+iBQM /m2 iQ BM~iBQM M/-
Qp2`HH- KBMiBM  +QMbiMi `2H `i2 Q7 `2im`MX
AM i?2 7QHHQrBM; +?Ti2`b r2 rBHH `2Hv QM UC``Qr  uBH/B`BK- kyyjV KQ/2HX h?2`27Q`2- Bi Bb
mb27mH iQ #`B2~v `2+T ?Qr C``Qr M/ uBH/B`BK KQ/2H BM~iBQM- i?2 M2ti +?Ti2` rBHH T`QpB/2






AM~iBQM KQ/2HHBM; Bb Q7i2M ++QKTMB2/ #v BMi2`2bi `i2 KQ/2HHBM;X JQM2i`v TQHB+B2b KF2b
+H2` i?2 iB;?i +mbH `2HiBQM 7`QK BMi2`bii2 `i2b iQ BM~iBQM `i2bX h?2`27Q`2- i?`22 7+iQ`
KQ/2Hb `2 mbmHHv 2KTHQv2/X 6`QK  7Q`r`/ TQBMi Q7 pB2r - H2i mb bbmK2 i?i MQKBMH 7Q`r`/
`i2- fn(t, T )- `2H 7Q`r`/ `i2- fr(t, T ) M/ BM~iBQM BM/2t- I(t)- 2pQHp2 mM/2` Q b
dfn(t, T ) = αn(t, T )dt+ σn(t, T )dW
Q
n (t), fn(0, T ) = f
⋆(0, T )
dfr(t, T ) = αr(t, T )dt+ σr(t, T )dW
Q
r (t), fr(0, T ) = f
⋆





I (t), I(0) = I0 > 0.
h?Bb i?`22 7+iQ` KQ/2H Bb +?`+i2`Bb2/ #v `M/QK /`B7i +Q2{+B2Mib M/ /2i2`KBMBbiB+ /BzmbBQM
+Q2{+B2MibX .2}M2 i?2 `2H M/ MQKBMH KQM2v K`F2i ++QmMi i iBK2 t b Bk(t) = e
! t
0 rk(s)ds
7Q` k ∈ {r, n}c /2}M2 i?2 `2H M/ MQKBMH T @w*" i iBK2 t b Pk(t, T ) = e−
! T
t fk(t,s)ds 7Q`








Kmbi #2 Q@K`iBM;H2bX q2 7Q+mb QM i?2 Hbi [mMiBiv M/ r`Bi2 ξ(t) = I(t)Br(t)Bn(t) . h?2M-










= ξ(t)[rr(t)− rn(t) + µI(t)]dt+ ξ(t)σIdWQI (t). UjXNV
h?Bb `2bmHi Bb 2[mBpH2MiHv bii2/ mM/2` i?2 Q#D2+iBp2 K2bm`2- `2+HHBM; i?i dW P(t) = λ(t)dt+
dWQ(t)- b
dξ(t) = ξ(t)[rr(t)− rn(t) + µI − λI(t)σI ]dt+ ξ(t)σIdW PI (t).
J`iBM;H2 T`QT2`iv Q7 ξ(t) `2[mB`2b i?2 /`B7i BM UjXNV iQ pMBb?- ?2M+2
rn(t) = rr(t) + µI(t).
h?2 BM/2t T`B+2 HQ+H `2im`M 7QHHQrb i?2 /vMKB+b
dI(t)
I(t)
= [rn(t)− rr(t)]dt+ σIdWQI (t), UjXRyV
jR
i?mb Bi Bb +H2` i?i b?Q`i `i2 `M/QKM2bb KF2b i?2 /`B7i +Q2{+B2Mi `M/QKX h?Bb `2bmHi
Bb FMQrM b 6Bb?2` 2[miBQM 7i2` A`pBM; 6Bb?2` UR3ed @ RN9dV M/ 2biBKi2b i?2 `2HiBQMb?BT
#2ir22M MQKBMH M/ `2H BMi2`2bi `i2b i?`Qm;? BM~iBQMX h?2 2[miBQM +M #2 /2`Bp2/ bbmKBM;
M BM/BpB/mH #mvb īR Q7  t+1@#QM/ i iBK2 tX :Bp2M i?2 2tT2+i2/ BM~iBQM #2ir22M t M/ t+1-
r2 ?p2 i?i r?i i?2 BMp2biQ` +imHHv ;BMb Bb i?2 `2H `2im`M,
(1 + rr(t)) =
(1 + rn(t))
(1 + π(t))
rn(t) = rr(t) + π(t) + rr(t)π(t)
rn(t) ≈ rr(t) + π(t).
AM i?Bb +QKTmiiBQM r2 bbmK2 i?i rr(t)·π(t) Bb M2;HB;B#H2X h?2 2tT2+i2/ BM~iBQM π(t)- Q` #2ii2`
πe(t)- Bb BM/22/ 2[mH iQ µI(t)- r?B+? Bb i?2 2tT2+i2/ HQ+H `i2 Q7 BM~iBQM ;Bp2M i?2 Q@/vMKB+b
Q7 dI(t)I(t) .
h?2 `2bmHi Q7 2[miBQM UjXRyV Bb +?B2p2/ TQbimHiBM; i?2 b?Q`i `i2 KQ/2H U1FbB  6BHBTQpBÉ-
kyR9V 7Q` X(t) = (rn(t), rr(t), log I(t))′
dX(t) = (B + βX(t))dt+ ΣdWQ(t),
r?2`2 B Bb  +QHmKM p2+iQ` ∈ R3- β M/ Σ `2 Ki`B+2b ∈ R3×3 M/ WQ Bb  j@/BK2MbBQMH
Q@"`QrMBM KQiBQMX h?2 mi?Q`b `2r`Bi2 i?2 BM~iBQM BM/2t /vMKB+b #v AiƬ 7Q`KmH





r?2`2 MmK2`B+ bmT2`b+`BTib /2MQi2b +QHmKMb Q7 `2H2pMi p2+iQ`b Q` Ki`B+2b- M/ +QKTmi2 i?2
/vMKB+b Q7 ξ(t)
dξ(t) = ξ(t)(B(3) + β(3)
′
X(t) + rr(t)− rn(t))dt+ ξ(t)Σ(3)
′
dW (t).





a2iiBM; B(3) + β(3)′X(t) = µI(t) KF2b +H2` i?i i?2 irQ TT`Q+?2b vB2H/ i?2 bK2 BM~iBQM
/vMKB+bX
h?2 biM/`/ 7Q`KmHiBQM Q7 i?2 6Bb?2` 2[miBQM BKTHB2b i?i BMp2biQ`b /Q MQi `2[mB`2 M
BM~iBQM `BbF T`2KBmK- b B7 BM~iBQM /vMKB+b r2`2 +2`iBMX >Qr2p2`- BM~iBQM /vMKB+b `2
biQ+?biB+ M/ BMp2biQ`b b?QmH/ `2[mB`2 M BM~iBQM `BbF T`2KBmKX AM/22/- i?2`2 Bb  iM;B#H2
`BbF Q7 7+BM;  `i2 Q7 BM~iBQM ?B;?2` i?M i?2 T`2pBQmbHv 7Q`2+bi2/ QM2X h?Bb TQBMi +H`B}2b
r?v bi#H2 M/ T`2/B+i#H2 BM~iBQM Bb /2bB`#H2X h?2 KQ`2 BM~iBQM ;2ib T`2/B+i#H2- i?2 KQ`2
BM~iBQM `BbF T`2KBmK `2/m+2bX h?2 HBKBi Q7 i?Bb T`Q+2bb Bb `2+?2/ rBi?  MmHH `BbF T`2KBmK 7Q`
/2i2`KBMBbiB+ BM~iBQMX h?mb- bi#BHBbBM; BM~iBQM `2/m+2b MQKBMH BMi2`2bi `i2bX h?2 T`2pBQmb
jk
`iBQMH2 +QmH/ biBHH ?QH/ 7Q` KQ/2HHBM; 7`K2rQ`Fb BM r?B+? BM~iBQM `BbF Bb HQr2biX 6Q` 2+QMQKB2b
rBi? bmbiBM2/ BM~iBQM `BbF i?Bb 7Q`KmHiBQM Bb T`272`#H2,
rn(t) = rr(t) + π
e(t) + ψ(t),
r?2`2 ψ Bb i?2 BM~iBQM `BbF T`2KBmKX ++Q`/BM;Hv- >Q- >mM; M/ uBH/B`BK T`QTQb2 U>Q 2i HX-
kyR9V  i?`22@7+iQ` KQ/2H iQ T`B+2 BM~iBQM@BM/2t2/ /2`BpiBp2bX h?2v TQbimHi2  MQKBMH T`B+2
F2`M2H- Mn(t)- M/  `2H T`B+2 F2`M2H- Mr(t) = Mn(t)I(t) c i?2v BM+Q`TQ`i2 mMQ#b2`p#H2 2+QMQKB+
p`B#H2b BM i?2 n@/BK2MbBQMH Hi2Mi bii2 p2+iQ` T`Q+2bb- x(t)- r?B+? Bb K2M@`2p2`iBM; rBi?
+QMbiMi pQHiBHBivX h?2B` KQ/2H 2KTHQvb i?2 7Q`KmHiBQM T`QTQb2/ #v U/ǶKB+Q 2i HX- kyR3V,
dMn(t)
Mn(t)
= −rn(x(t))dt− λn(x(t))′dW (t) UjXRRV
d log I(t) = π(x(t))dt+ σ′dW (t) + σ′IdW
I(t) UjXRkV
dx(t) = K(µ− x(t))dt+ ΣdW (t). UjXRjV
1[miBQMb UjXRRV M/ UjXRjV `2- `2bT2+iBp2Hv- i?2 /vMKB+b Q7 i?2 MQKBMH T`B+2 F2`M2H- Mn- M/
i?2 Hi2Mi bii2 p2+iQ` T`Q+2bb- x(t)X 6Q`  KQ`2 /2iBH2/ MHvbBb- TH2b2 `272` iQ i?2 mi?Q`Ƕb
i2tiX q2 b?HH 7Q+mb QM 2[miBQM UjXRkV 7Q` i?2 /vMKB+b Q7 i?2 HQ;`Bi?K Q7 i?2 T`B+2 BM/2tX h?2
BM~iBQM /vMKB+b +M #2 /2+QKTQb2/ BM  biQ+?biB+ K2M ;`Qri? i2`K- π(x(t))-  ?QKQ;2MQmb





AM i?Bb +?Ti2` r2 T`QpB/2  i?Q`Qm;? MHviB+H /Bb+mbbBQM Q7 i?2 KQ/2Hb r2 rBHH 2KTHQv 7Q`
Qm` bBKmHiBQM Tm`TQb2bX aT2+B}+HHv- r2 bim/v i?2 >mHH@q?Bi2 KQ/2H 7Q` BMi2`2bi `i2b M/ i?2
C``Qr@uBH/B`BK KQ/2H 7Q` DQBMi BMi2`2bi `i2@BM~iBQM KQ/2HHBM;X AM i?2 7QHHQrBM; +?Ti2`b- i?2b2
KQ/2H rBHH #2 +HB#`i2/ M/ Tmi BM +iBQM iQ bBKmHi2 BMi2`2bi `i2 M/ BM~iBQM 2pQHmiBQMX
9XR >mHH@q?Bi2 JQ/2H
CQ?M >mHH M/ HBM q?Bi2 T`QTQb2/ U>mHH  q?Bi2- RNNyV iQ KQ/2H i?2 b?Q`i `i2 b,
dr(t) = [θ(t)− a(t)r(t))]dt+ σ(t)dWQ(t), a(t) > 0, U9XRV
r?2`2 a,σ M/ θ `2 /2i2`KBMBbiB+ 7mM+iBQMb Q7 iBK2X h?2 KQ/2H TQbb2bb2b M {M2 i2`K bi`m+@
im`2- BX2X P (t, T ) = eA(t,T )−B(t,T )r(t)X Ai 2ti2M/b i?2 obBÍ2F KQ/2H- BM i?i T`K2i2`b `2
HHQr2/ iQ p`v Qp2` iBK2X q2 `2+HH i?i i?2 obBÍ2F KQ/2H dr(t) = [θ − ar(t)]dt + σdWQ(t)
Bb K2M `2p2`iBM;X J2M `2p2`bBQM +?`+i2`Bb2b i?2 #2?pBQm` #v r?B+? T`Q+2bbǶ `2HBbiBQMb
Qb+BHHi2 `QmM/  i`2M/X h?Bb 72im`2 `2bQM#Hv }ib BMi2`2bi `i2 Tii2`Mb Q7 2pQHmiBQM- #2+mb2-
+QMi``BHv iQ biQ+F T`B+2b- BMi2`2bi `i2b +MMQi `Bb2 BM/2}MBi2Hv rBi?Qmi bB;MB}+MiHv ?BM/2`BM;
bQmM/ 2+QMQKB+ /2p2HQTK2MiX
h?2`2 Bb  bBKTH2 2+QMQKB+ `mH2 #2?BM/ K2M `2p2`bBQMX Ai Bb FMQrM i?i i?2 ?B;?2` i?2
T`B+2 Q7  ;QQ/ Q` b2`pB+2- i?2 HQr2` i?2 /2KM/X >2M+2- ?B;? T`B+2b /2T`2bb /2KM/ M/ i?2
+QMi`+iBQM 7Q`+2b bmTTHB2`b iQ `2/m+2 i?2B` T`B+2bX oB+2 p2`b- HQr T`B+2b biBKmHi2 /2KM/ M/
KF2b T`Q}i#H2 7Q` bmTTHB2`b iQ `Bb2 T`B+2bX amTTHv M/ /2KM/ +QMiBMmQmbHv THv  /Qm#H2
KmimH BMi2`+iBQM, HQr T`B+2b M/ 2t+2bb /2KM/ `2 +Q``2+i2/ #v  `Bb2 BM T`B+2b- ?B;? T`B+2b
M/ 2t+2bb bmTTHv `2 +QmMi2`#HM+2/ #v T`B+2 `2/m+iBQMX aBM+2 r2 +M i?BMF Q7 BMi2`2bi `i2b
j9
b i?2 T`B+2 Q7 i?2 #Q``QrBM; b2`pB+2- i?2 bK2 #bB+ KB+`Q2+QMQKB+ `2bQMBM; ?QH/b i`m2X h?2
obBÍ2F KQ/2H Qz2`b M bvKTiQiB+HHv +QMbiMi 2tT2+i2/ pHm2 M/ #QmM/2/ p`BM+2 7Q` r(t)X
S`K2i2` θa /2b+`B#2b i?2 HQM; i2`K K2M H2p2H- r?BH2 a Bb i?2 bT22/ Q7 `2p2`bBQMX 6Q` 2tKTH2-
i?2 /`B7i i2`K (θ − ar(t)) Bb M2;iBp2 7Q` r(t) > θ M/ i?mb BKTHB2b  M2;iBp2 BM+`2K2Mi dr(t)-
KQ/mHQ i?2 `M/QKM2bb Q7 i?2 /BzmbBQM i2`K σdWQ(t). h?Bb 2tKTH2 b?QmH/ MHviB+HHv +H`B7v
r?i K2M `2p2`bBQM BbX
h?Bb `iBQMH2 +MMQi #2 TTHB2/ iQ biQ+F T`B+2b- #2+mb2 i?2v `2 ivTB+HHv MQi K2M@
`2p2`iBM;X AM/22/- biQ+F T`B+2b `2 mbmHHv KQ/2HH2/ b ;2QK2i`B+ #`QrMBM KQiBQM (b22- 7Q`
BMbiM+2- U"H+F  a+?QH2b- RNdjV)X aiQ+Fb `2- #`Q/Hv bT2FBM;- i?2 T`B+2 Q7  HBiiH2 TB2+2 Q7 M
2Mi2`T`Bb2X Ai 2MiBHb i?2 QrM2` i?2 `B;?i iQ iF2 T`i BM i?2 }`KǶb /2+BbBQMH T`Q+2bb M/ T`Q}i
/BpBbBQMX hQ bm`pBp2 Qp2` v2`b-  +QKTMv b?HH ivTB+HHv ;`Qr- i?2`27Q`2 Bib Qp2`HH pHm2 b?HH
BM+`2b2 Qp2` iBK2X >2M+2- i?2 T`B+2 Q7  biQ+F- b i?2 T`B+2 Q7  TB2+2 Q7 i?2 +QKTMv- b?HH `Bb2
Qp2` iBK2X aQmM/ 2Mi2`T`Bb2b b?HH MQi 2t?B#Bi K2M@`2p2`iBM; #2?pBQm`b Qp2` i?2 HQM; `mMX
h?2 obBÍ2F KQ/2H i?2Q`2iB+HHv HHQrb BMi2`2bi `i2b iQ #2+QK2 M2;iBp2X H#2Bi i?Bb ?/ #22M
M mM/2bB`#H2 72im`2 mT iQ i?2 }MM+BH +`BbBb- Bi Bb MQr +QKKQM iQ 2M+QmMi2` M2;iBp2 BMi2`2bi
`i2bX 6Q` BMbiM+2- *2Mi`H "MFb Kv };?i 2+QMQKB+ bi;MiBQM Qz2`BM; M2;iBp2 BMi2`2bi `i2b
iQ T`2p2Mi #MFb 7`QK biQ`BM; bB;MB}+Mi KQmMi Q7 KQM2v M/- i?mb- biBKmHiBM; i?2B` H2M/BM;
7mM+iBQMX A7 i?2 K2`2 TQbbB#BHBiv 7Q` BMi2`2bi `i2b iQ #2+QK2 M2;iBp2 Bb MQi T2` b2 mM/2bB`#H2-
M 2t+2bbBp2 ?Bi /QrM BM i?2 M2;iBp2 `2;BQM Bb, r?2M M2;iBp2- `i2b `2 mbmHHv +HQb2bi iQ x2`QX
h?2 >mHH@q?Bi2 KQ/2H 2ti2M/b obBÍ2FǶb `iBQMH2- HHQrBM; T`K2i2`b iQ #2 iBK2 /2T2M/2MiX
JQ`2Qp2`- i?Bb KQ/2H ;m`Mi22b  T2`72+i }i #2ir22M i?2 i?2Q`2iB+H M/ Q#b2`p2/ 7Q`r`/ +m`p2
i iBK2 t = 0- BX2X f(0, T ) = f⋆(0, T ) 7Q` HH T > 0X h?Bb b?QmH/ 2M?M+2 i?2 2tTHMiQ`v TQr2`
M/ T`2+BbBQM Q7 i?2 KQ/2HX
q2 b?HH /Bb+mbb  bBKTHB}2/ p2`bBQM U>mHH  q?Bi2- RNN9V- r?2`2 α M/ σ `2 +QMbiMi-
MK2Hv
dr(t) = [θ(t)− ar(t)]dt+ σdWQ(t). U9XkV




Bt(t, T )− aB(t, T ) = −1




At(t, T ) = θ(t)B(t, T )− 12σ
2B2(t, T )
A(T, T ) = 0.
h?2`27Q`2- A(t, T ) M/ B(t, T ) `2 ;Bp2M #v

















q2 `2[mB`2 i?i i iBK2 t = 0 i?2Q`2iB+H T @#QM/ T`B+2b- P (0, T )- 2[mH Q#b2`p2/ T`B+2b- P ⋆(0, T )X
G2KK R T`Qp2b i?2 #BmMBpQ+H +Q``2bTQM/2M+2 #2ir22M w*" T`B+2b M/ 7Q`r`/ `i2b M/ Qm`
`2[mB`2K2Mi Bb 7mH}HH2/ KM/iBM; i?i i?2 i?2Q`2iB+H 7Q`r`/ `i2 M/ i?2 Q#b2`p2/ QM2 +QBM+B/2-
BX2X f(0, T ) = f⋆(0, T )X 6`QK /2}MBiBQM Q7 7Q`r`/ `i2 M/ {M2 KQ/2Hb- r2 ?p2 i?i
f(t, T ) = −∂ logP (t, T )
∂T
= r(t)BT (t, T )−AT (t, T ).
i iBK2 t = 0 i?Bb #2+QK2b
f(0, T ) = r(0)BT (0, T )−AT (0, T ).
T @/2`BpiBp2b BT (t, T ) M/ AT (t, T ) `2
BT (t, T ) = e
−a(T−t)
AT (t, T ) =
σ2
2
















θ(s)BT (s, T )ds.
6Q`r`/ `i2b f(0, T ) Kmbi biBb7v
f(0, T ) = f⋆(0, T ) = e−aT r(0) +
∫ T
0







q2 b?HH HQQF 7Q`  7mM+iBQM θ(t)- r?B+? bQHp2b 2[miBQM U9X8V 7Q` HH T > 0. hQ i?Bb 2M/- r2
/2+QKTQb2 f⋆(0, T ) BMiQ
f⋆(0, T ) = x(T )− g(T ),





















+ ġ(T ) + a (f⋆(0, T ) + g(T )) . U9XeV
_2i`B2p2/ M `#Bi``v #QM/ +m`p2 {P ⋆(0, T ); T > 0}- +?QQbBM; θ ++Q`/BM; iQ U9XeV T`Q/m+2b 
i2`K bi`m+im`2 {P (0, T ); T > 0} bm+? i?i P (0, T ) = P ⋆(0, T ) 7Q` HH T > 0X q2 BMb2`i U9XeV
je
BMiQ U9X9V M/ Q#iBM
















































− logP ⋆(0, t)(1− e−a(T−t)) +
∫ T
t








= f⋆(0, t)B(t, T )− σ
2
4a




1p2MimHHv- r2 +M +?`+i2`Bb2 i?2 {M2 T @#QM/ T`B+2 `2T`2b2MiiBQM P (t, T ) = eA(t,T )−B(t,T )r(t)X
S`QTQbBiBQM 9XR U>mHH@q?Bi2 h2`K ai`m+im`2V
:Bp2M i?2 >mHH@q?Bi2 KQ/2H rBi? a M/ σ }t2/X >pBM; BMp2`i2/ i?2 vB2H/ +m`p2 #v +?QQbBM; θ
++Q`/BM; iQ U9XeV- r2 Q#iBM i?2 #QM/ T`B+2b b
P (t, T ) =








h?2 b?Q`i `i2 KQ/2H +M #2 r`Bii2M BKTHB+BiHv rBi? i?2 7Q`r`/ KQ/2H
df(t, T ) = α(t, T )dt+ σe−a(T−t)dWQ(t).
h?2 KQ/2H `2bmHib 7`QK i?2 b2H2+iBQM Q7 i?2 /BzmbBQM +Q2{+B2Mi σ(t, T ) = σe−a(T−t). _2+HHBM;
a2+iBQM jXk `2;`/BM; i?2 >CJ 7`K2rQ`F- r2 FMQr i?i i?2 /`B7i α(t, T ) Bb












h?2 >mHH@q?Bi2 bBKTHB}2/ KQ/2H U>mHH  q?Bi2- RNN9V +M #2 2[mBpH2MiHv bii2/ b
dr(t) = [θ(t)− ar(t)] + σdWQ(t)

















JQpBM; 7`QK i?2 /Bz2`2MiBH iQ i?2 BMi2;`H 7Q`K- r2 ?p2












_2+HHBM; i?2 G2B#MBxǶb `mH2 7Q` i?2 /Bz2`2MiBH Q7 BMi2;`H 7mM+iBQMb M/ Ki+?BM; i2`Kb rBi? i?2



































6BMHHv- r2 B/2MiB7v U9XeV M/ r`Bi2
dr(t) = [θ(t)− ar(t)]dt+ σdWQ(t).
9Xk C``Qr@uBH/B`BK JQ/2H
_Q#2`i C``Qr M/ uBH/B`v uBH/B`BK T`QTQb2/ UC``Qr  uBH/B`BK- kyyjV i?2 7QHHQrBM; KQ/2H
iQ T`B+2 hASa M/ `2Hi2/ /2`BpiBp2bX Ai 2KTHQvb i?2 >CJ 7`K2rQ`F M/ /2b+`B#2b  >mHH@
q?Bi2 bBKTHB}2/ KQ/2H BM 7Q`r`/ i2`KbX q2 `2+HH bbmKTiBQMb M/ `2bmHib Q7 i?2 KQ/2HHBM;
7`K2rQ`Fc KMv /2}MBiBQMb ?p2 H`2/v #22M ;Bp2M- #mi- 7Q` i?2 bF2 Q7 +H`Biv- r2 rBHH `2T2i
i?2K BM i?Bb bT2+B}+ MQiiBQMH b2iiBM;X
LQiiBQM
Ç LQKBMH M/ `2H [mMiBiB2b `2 `2bT2+iBp2Hv /2MQi2/ rBi? bm#b+`BTib r M/ nX
Ç I(t) Bb i?2 *SA pHm2 i iBK2 tX
Ç Pn(t, T ) Bb i?2 T`B+2 i iBK2 t Q7  MQKBMH T @w*" BM MQKBMH +m``2M+vX
Ç Pr(t, T ) Bb i?2 T`B+2 i iBK2 t Q7  `2H T @w*" BM *SA mMBibX
Ç fk(t, T ) Bb i?2 BMbiMiM2Qmb 7Q`r`/ `i2 7Q` T - rBi? k ∈ {r, n}- M/ Pk(t, T ) = e−
! T
t fk(t,u)du.
Ç rk(t) = fk(t, t) Bb i?2 bTQi `i2 i iBK2 t- rBi? k ∈ {r, n}.
Ç Bk(t) = e
! t
0 rk(u)du Bb i?2 pHm2 Q7 i?2 #MF ++QmMi i iBK2 t- rBi? k ∈ {r, n}X
Ç PTIPS(t, T ) = I(t)Pr(t, T ) Bb i?2 T`B+2  iBK2 t BM MQKBMH +m``2M+v Q7  `2H T @w*"X "v
7Q`2B;M +m``2M+v MHQ;v- i?2 BM~iBQM BM/2t +ib b 2t+?M;2 `i2 #2ir22M i?2 `2H M/
MQKBMH 2+QMQKvX
j3
Ç CBn(0) Bb i?2 T`B+2 i iBK2 t = 0 Q7  *" rBi? +QmTQM TvK2Mib Q7 C +m``2M+v mMBib M/
7+2 pHm2 Q7 K +m``2M+v mMBib- BX2X
CBn(t) = K · Pn(t, T ) +
T∑
t=1
C · Pn(t, Ti). U9XNV
Ç CBTIPS(t) Bb i?2 T`B+2 i iBK2 t Q7 hASa@*" Bbbm2/ i iBK2 t0 < t- rBi? +QmTQM TvK2Mi











SvK2Mib BM i?2 `2H +m``2M+v `2 /Bb+QmMi2/ rBi?  `2H /2~iQ` M/ +QMp2`i2/ BM MQKBMH
i2`KbX h?2 +QMp2`bBQM Bb T2`7Q`K2/ rBi? i?2 `iBQ I(t)I(t0) b 2t+?M;2 `i2X h?Bb [mMiBiv
MQi QMHv +QMp2`ib KQmMib #2ir22M +m``2M+B2b- #mi HbQ +QmMi2`+ib i?2 /2TH2iBM; 2z2+i
Q7 BM~iBQMX h?mb- i?2 vB2H/ Q7 bm+? b2+m`BiB2b Bb `2H- BM i?2 b2Mb2 i?i Bb MQi bm#D2+i iQ
BM~iBQMX
Ç lM+2`iBMiv Bb BMi`Q/m+2/ BM i?2 KQ/2H rBi? i?2 "`QrMBM KQiBQMb Wn(t),Wr(t) M/ WI(t)-
r?Qb2 +Q``2HiBQMb `2 d⟨Wn,Wr⟩(t) = ρnrdt, d⟨Wn,Wr⟩(t) = ρnIdt M/ d⟨Wr,WI⟩(t) =
ρrIdt.
JQ/2HHBM; 7`K2rQ`F
 i?`22@7+iQ` KQ/2H /`Bp2M #v :mbbBM T`Q##BHBiv /Bbi`B#miBQMb Bb BKTH2K2Mi2/X ǳ:mbbBM@
BivǴ 2MiBHb i?i  TQbBiBp2 T`Q##BHBiv Bb bbB;M2/ iQ mM/2bB`2/ Q++m``2M+2b- bm+? b bi`QM;Hv
M2;iBp2 BMi2`2bi `i2bX >Qr2p2`- bm+? TQbBiBp2 T`Q##BHBiv /2T2M/b QM i?2 T`K2i2` pHm2bX 6Q`
bm{+B2MiHv bKHH pHm2b i?Bb T`Q##BHBiv Bb bKHH 2MQm;? iQ #2 b72Hv M2;H2+i2/X Pp2`HH- i?2 T`B+2
r2 ?p2 iQ iQ Tv- BM i2`Kb Q7 KQ/2HǶb `2HB#BHBiv- Bb +QKT2Mbi2/ #v i?2 2b2 BM +QKTmiiBQMH
i`+i#BHBiv r2 +M 2MDQvX
h?2 MQKBMH 7Q`r`/ `i2- i?2 `2H 7Q`r`/ `i2 M/ i?2 BM~iBQM BM/2t `2 i?2 i?`22 7+iQ`b-
r?B+? +QMbiBimi2b i?2 +Q`2 Q7 i?2 KQ/2HX h?2B` /vMKB+b mM/2` `BbF M2mi`H K2bm`2 Q `2 i?2
7QHHQrBM;,
dfn(t, T ) = αn(t, T )dt+ σn(t, T )dW
Q
n (t) U9XRRV



















S`QTQbBiBQM 9Xj Uh2`K ai`m+im`2 1pQHmiBQMV
h?2 h2`K ai`m+im`2 M/ i?2 T`B+2 T`Q+2bb2b 2pQHp2 mM/2` i?2 `BbF M2mi`H K2bm`2 Q b 7QHHQrbX
dfn(t, T ) = σn(t, T )
∫ T
t
σn(t, u)dudt+ σn(t, T )dW
Q
n (t) U9XR9V













































RX dη(t) = dPn(t, T )
Bn(t)




















dt+ Sn(t, T )dW
Q(t)
}
q2 K/2 mb2 Q7 2[miBQM URXR8V M/ #v K`iBM;H2 T`QT2`iv r`Bi2




Q`- BM /Bz2`2MiBi2/ 7Q`K-




kX dζ(t) = d (I(t)Pr(t, T ))
Bn(t)




I(t)dPr(t, T ) + Pr(t, T )dI(t)
Bn(t)






rr(t) +Ar(t, T ) +
1
2











J`iBM;HBiv `2[mB`2b /`B7i iQ pMBb?- ?2M+2 r2 b2i i?2 dt@i2`K iQ yX hFBM; i?2 T @/2`BpiBp2
r2 +M r`Bi2
−αr(t, T ) + σr(t, T )
∫ T
t
σr(t, u)du− σr(t, T )σIρr,I = 0
9y















= ξ(t)[rr(t)− rn(t) + µI(t)]dt+ ξ(t)σIdWQI (t).
J`iBM;H2 T`QT2`iv `2[mB`2b i?2 /`B7i iQ pMBb?- ?2M+2
rn(t) = rr(t) + µI(t).









8X .`B7i +QM/BiBQM Ar(t, T ) = − 12 ||Sr(t, T )||2+ ρr,IσI
∫ T

















_2+HHBM; i?i PTIPS(t, T ) = I(t)Pr(t, T )- r2 r`Bi2 hASa@w*" /vMKB+b b




























b 2tTHBM2/ BM a2+iBQM jXk- 7Q`r`/ KQ/2Hb `2 +?`+i2`Bb2/ #v i?2 +?QB+2 Q7 i?2 pQHiBHBiv
+Q2{+B2Mi σ(t, T )X C``Qr M/ uBH/B`BK mb2
σk(t, T ) = σke
−ak(t−T ) 7Q` k ∈ {r, n}, U9XkyV
r?2`2 σk M/ ak `2 +QMbiMibX q2 T`Qp2/ BM S`QTQbBiBQM 9Xk i?i i?2 df(t, t) Bb 2[mH iQ dr(t)
BM i?2 bBKTHB}2/ >mHH@q?Bi2 KQ/2H 7Q` σn(t, T ) = σne−a(t−T )X MHQ;QmbHv- r2 b?Qr i?i- 7Q`
σr(t, T ) = σre−ar(t−T )- dfr(t, t) Bb 2[mBpH2Mi iQ drr(t) BM i?Bb KQ/2HX
9R
S`QTQbBiBQM 9X9
6Q` σr(t, T ) = σre−ar(t,T )- i?2 >mHH@q?Bi2 bBKTHB}2/ KQ/2H U>mHH  q?Bi2- RNN9V +M #2 2[mBp@
H2MiHv bii2/ b
drr(t) = [θr(t)− arr(t)− σrσIρr,I ] + σrdWQr (t)















dt− σre−ar(T−t)ρr,IσIdt+ σre−ar(T−t)dWQr (t).
JQpBM; 7`QK i?2 /Bz2`2MiBH iQ i?2 BMi2;`H 7Q`K- r2 ?p2
fr(t, T ) = f
⋆


















_2+HHBM; i?2 G2B#MBxǶb `mH2 7Q` /Bz2`2MiBH Q7 BMi2;`H 7mM+iBQMb M/ Ki+?BM; i2`Kb rBi? i?2
7Q`KmHiBQM Q7 fr(t, t) = rr(t)- r2 r`Bi2
dr(t) =

































− σrσIρr,Idt+ σrdWQr (t).
6BMHHv- r2 B/2MiB7v i?2 2tT`2bbBQM 7Q` θr(t) M/ r`Bi2
drr(t) = [θr(t)− arrr(t)− σrσIρr,I ]dt+ σdWQr (t).
q2 b22 i?i U9XR9V M/ U9XR8V ?p2 bBKBH` 7Q`KmHiBQMb- #mi U9XR8V /BbTHvb  HBMF rBi? i?2
/vMKB+b Q7 BM~iBQMX aT2+B}+HHv- i?2 pQHiBHBiv Q7 BM~iBQM /2TH2i2b i?2 2tT2+i2/ +?M;2 BM `2H
7Q`r`/ `i2bX h?2 KQ`2 BM~iBQM Bb pQHiBH2- i?2 HQr2` i?2 2tT2+i2/ 2pQHmiBQM Q7 `2H 7Q`r`/
`i2bX q2 ?p2 H`2/v /Bb+mbb2/ i?2 K2MBM; Q7 U9XReV BM a2+iBQM jXj, i?Bb 2[miBQM `2T`2b2Mib
i?2 6Bb?2` 2[miBQMX 1[miBQMb U9XRdV M/ U9XR3V `2 +QM+2TimHHv bBKBH` iQ U9XR9V M/ U9XR8VX
h?2 `i2b Q7 +?M;2 Q7 MQKBMH M/ `2H w*"b 2pQHp2 bBKBH`Hv- #mi `2H w*"b `2 z2+i2/ #v
9k
BM~iBQM pQHiBHBiv T`QTQ`iBQMHHv iQ i?2 +Q``2HiBQM +Q2{+B2MiX AM i?Bb +b2- ?Qr2p2`- ?B;?2`
pQHiBHBiv BKTHB2b ?B;?2` `2im`Mb 7Q` `2H #QM/bX aBM+2 BM~iBQM pQHiBHBiv HQr2`b `2H 7Q`r`/
`i2b- `2H w*" T`B+2b b?QmH/ BM+`2b2- #2+mb2 i?2 /Bb+QmMiBM; 2z2+i /BKBMBb?2bX AMi2`2biBM;Hv-
i?2 2tT2+i2/ `2im`M Q7 hASa /2T2M/b QM MQKBMH b?Q`i `i2b M/ Bi Bb +H2`Hv BM+`2bBM; BM i?2
pQHiBHBiv Q7 BM~iBQMX
S`QTQbBiBQM 9X8 U>mHH@q?Bi2 a?Q`i _i2bV
AM i?2 C``Qr@uBH/B`BK KQ/2H MQKBMH M/ `2H 7Q`r`/ `i2b `2 /2MQi2/ `2bT2+iBp2Hv b
dfn(t, T ) = σn(t, T )
∫ T
t
σn(t, u)du+ σn(t, T )dW
Q
n (t) U9XkRV





dt+ σr(t, T )dW
Q
r (t). U9XkkV
6Q` σk(t, T ) = σke−ak(T−t)- i?Bb Bb +QMbBbi2Mi rBi? i?2 >mHH@q?Bi2 bBKTHB}2/ 7Q`KmHiBQM Q7
MQKBMH M/ `2H b?Q`i `i2b
drn(t) = [θn(t)− anrn(t)]dt+ σndWQn (t) U9XkjV





AM i?Bb +?Ti2` r2 T2`7Q`K i?2 M22/2/ bi2Tb iQ +HB#`i2 i?2 2B;?i T`K2i2`b Q7 i?2 C``Qr@
uBH/B`BK KQ/2HX q2 `2i`B2p2 K`F2i 7Q`r`/ `i2b 7`QK i`/2/ #QM/ T`B+2b M/ T2`7Q`K i?2
+HB#`iBQMX h?2 mi?Q`b TTHB2/ BM UC``Qr  uBH/B`BK- kyyjV  T`Q+2/m`2- r?B+? i?2v ?/
2tTHBM2/ BM i?2 i2ti#QQF UC``Qr- kyyk- *?Ti2` ReVX h?2 +HB#`i2/ KQ/2H rBHH #2 mb2/ BM i?2
M2ti +?Ti2` iQ bBKmHi2 i?2 2pQHmiBQM Q7 BMi2`2bi `i2b M/ BM~iBQMX
8XR AiHBM Sm#HB+ .2#i am`p2v
h?2 JBMBbi`v Q7 1+QMQKv M/ 6BMM+2 /2i2`KBM2b i?2 `2;mH` BbbmM+2 QM i?2 /QK2biB+ K`F2i
Q7 bBt +i2;Q`B2b Q7 ;Qp2`MK2Mi b2+m`BiB2b- pBH#H2 7Q` #Qi? T`Bpi2 M/ BMbiBimiBQMH BMp2biQ`bX
RX "Phb U"mQMB Q`/BM`B /2H h2bQ`QV `2 i`2bm`v #BHHb rBi? Kim`Biv Q7 j- e- Rk KQMi?b Q`
H2bb i?M Rk KQMi?b U~2tB#H2 "PhbVX h?2v `2 bQH/ i /Bb+QmMi M/ `2/22K2/ i T` rBi?
 bBM;H2 TvK2Mi i Kim`BivX
kX *hwb U*2`iB}+iQ /2H h2bQ`Q w2`Q@*QmTQMV `2 w*" rBi? Kim`Biv Q7 k9 KQMi?bX h?2v
`2 bQH/ i /Bb+QmMi M/ `2/22K2/ i T` rBi?  bBM;H2 TvK2Mi i Kim`BivX
jX **hb U*2`iB}+iQ /B *`2/BiQ /2H h2bQ`QV `2 i`2bm`v +2`iB}+i2b rBi? Kim`Biv Q7 d v2`bX
a2KB@MMmH +QmTQMb `2 +QKTmi2/ /BpB/BM; #v irQ i?2 ;`Qbb MMmH bBKTH2 vB2H/ Q7 i?2 e
KQMi? "Ph Bbbm2/ BM i?2 Hbi m+iBQM T`2+2/BM; i?2 ++`mBM; Q7 +QmTQMX h?2M-  bT`2/
Q7 R8 #Tb Bb //2/X **h2mb `2 **h- r?Qb2 bBKTH2 ;`Qbb MMmH vB2H/ Bb +H+mHi2/ #v
//BM;  +QMi`+imHHv }t2/ bT`2/ iQ i?2 i?2 e KQMi? 1m`B#Q`X
99
9X "hSb U"mQMB /2H h2bQ`Q SQHB2MMHBV `2 i`2bm`v #QM/b rBi? Kim`Biv Q7 j- 8- d- Ry- R8-
ky- jy M/ 8y v2`bX h?2v Tv }t2/ b2KB@MMmH +QmTQMb M/ `2 `2/22K2/- i Kim`Biv-
rBi?  bBM;H2 TvK2MiX
8X "hSīBb `2 hASa BM/2t2/ iQ i?2 1m`Q@xQM2 >A*S@2tXiQ#++Q BM/2tX h?2v ?p2 Kim`Biv
Q7 8- Ry- R8 M/ jy v2`bX h?2v `2 `2/22K2/ rBi?  bBM;H2 TvK2Mi i Kim`BivX *QmTQMb
M/ T`BM+BTH `2 /Dmbi2/ QM i?2 #bBb Q7 i?2 AM/2tiBQM *Q2{+B2Mi 7Q` i?2 `2H2pMi /i2
M/ +MMQi #2 H2bb i?M i?2B` MQKBMH pHm2X
eX "hSAiHB `2 hASa BM/2t2/ iQ i?2 AiHBM 6PA@MQXiQ#++Q BM/2tX h?2v ?p2 Kim`Biv Q7
9- e M/ 3 v2`bX h?2v b?`2 bBKBH` BM/2tiBQM `mH2b rBi? "hSīBX
6B;m`2 8XR, h?2 ;`T? b?Qrb i?2 +QKTQbBiBQM Q7 QmibiM/BM; ;Qp2`MK2Mi b2+m`BiB2b b Q7 .2+2K@
#2`- jRbi kyRNX aQm`+2, JBMBbi2`Q /2HHǶ1+QMQKB+ 2 /2HH2 6BMMx2 @ .BT`iBK2MiQ /2H h2bQ`QX
8Xk .i .2b+`BTiBQM
Pm` MHvbBb 2KTHQvb /BHv T`B+2b Q7 "hSb M/ "hSīBb- i?mb +Qp2`BM; i?2 KDQ`Biv Q7 i?2 iQ@
iH /2#i 2tTQbm`2X a2+m`BiB2bǶ T`B+2b M/ +?`+i2`BbiB+b r2`2 `2i`B2p2/ QM T`BH R9i?- kyky QM
.ibi`2K@1BFQM 7Q`  8@v2` rBM/Qr- bTMMBM; 7`QK T`BH Rji?- kyR8 iQ T`BH Rji?- kykyX h?2
iBK2 rBM/Qr +QMbBbib Q7 Rjye /BHv Q#b2`piBQMbc NR "hSb M/ RR "hSīBb r2`2 i`/2/ QM i?2
/v Q7 `2i`B2pHX q2 KQp2 i?2 bi`iBM; /i2 iQ P+iQ#2` R9i?- kyR8 BM Q`/2` iQ BM+Hm/2 QM2 KQ`2
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T`2+BQmb "hSīB BM i?2 `2HiBp2Hv bKHH bKTH2X h?mb- Qm` rBM/Qr `2/m+2b iQ RRd9 /BHv Q#b2`@
piBQMbX JMv b2+m`BiB2b r2`2 iQQ ǳvQmM;Ǵ QM i?i /i2- #2+mb2 i?2v ?/ #22M Bbbm2/ 7i2` i?2
bi`iBM; /v Q7 Qm` iBK2 rBM/QrX Pi?2` r2`2 iQQ ǳQH/Ǵ- #2+mb2 i?2v rBHH ?p2 Kim`2/ BM 
v2` 7`QK i?2 2M/ /v Q7 Qm` rBM/QrX q2 `2KQp2/ 7`QK i?2 /ib2i #Qi? ivT2b- #2+mb2 i?2
7Q`K2` H+Fb Q7 Q#b2`piBQMb- i?2 Hii2` Kv 2MiBH /BbiQ`iBQM`v T`B+BM; /m2 iQ itiBQM Bbbm2b
M2` Kim`BivX q2 /Q MQi TTHv Mv QmiHB2`@/2i2+iBM; T`Q+2/m`2- #2+mb2 +HbbB+ K2i?Q/b `2KQp2
72r i2Mb Q7 "hSīB Q#b2`piBQMb- #mi HKQbi i?`22 ?mM/`2/ "hS Q#b2`piBQMbX h?Bb rQmH/ K2M
HQQbBM;  T2+mHB` 72im`2 Q7 i?2 "hS T`B+2 #2?pBQm`X >2M+2- r2 T`272` iQ F22T i?2 /ib2i b
`2i`B2p2/ 7`QK /i T`QpB/2`bX
8XkXR "hSīB
h`/2/ "hSīBb
AaAL AbbmM+2 Jim`Biv *QmTQM
Ahyyy9ey9edR k3@T`@kyRy R8@a2T@kykR k-RyW
Ahyyy8R33Rky k8@Jv@kyRe R8@Jv@kykk y-RW
Ahyyy8jkNj99 k3@J`@kyR3 R8@Jv@kykj y-RW
Ahyyy9k9j8Rk kd@CmM@kyyd R8@a2T@kykj k-eyW
Ahyyy8yy99ke RN@J`@kyR9 R8@a2T@kyk9 k-j8W
Ahyyy9dj8R8k R8@CmM@kyRR R8@a2T@kyke j-RW
Ahyyy8k9eRj9 R9@J`@kyRd R8@Jv@kyk3 R-jyW
Ahyyy8j3dy8k yN@P+i@kyRN R8@Jv@kyjy y-9W
Ahyyy8Rj33k3 R9@P+i@kyR8 R8@a2T@kyjk R-k8W
Ahyyyjd9889R kd@P+i@kyy9 R8@a2T@kyj8 k-j8W
Ahyyy98983Ny k3@P+i@kyyN R8@a2T@ky9R k-88W
h#H2 8XR, "hSīBb i`/2/ QM T`BH- R9i? kyky- BM #QH/ i?2 b2+m`BiB2b 2KTHQv2/ BM i?2 MHvbBbX
aQm`+2, .ibi`2K@1BFQM
"hSīBb `2 i`2bm`v BM~iBQM@T`Qi2+i2/ b2+m`BiB2bR- r?Qb2 KQM2i`v ~Qrb 7i2` BbbmM+2 `2
BM/2t2/ iQ 1m`Q@xQM2 BM~iBQMX "hSīBb ?p2 #22M Qz2`2/ iQ i?2 Tm#HB+ rBi? i?2 m+iBQM K2+?@
MBbK bBM+2 kyy9X h?2b2 b2+m`BiB2b `2 HBMF2/ iQ i?2 >A*S@2tXiQ#++QX b 2tTHBM2/ BM a2+iBQM
kXR- i?2 JBMBbi`v Q7 1+QMQKv M/ 6BMM+2 Tm#HBb?2b QM  KQMi?Hv #bBb /BHv pHm2b 7Q` i?2





BI Bb #b2 BM~iBQM- BX2X i?2 `272`2M+2 BM~iBQM i iBK2 Q7 BbbmM+2X RIy,m,d Bb i?2 `272`2M+2
R?iiT,ffrrrX/iXK27X;QpXBif2Mf/2#BiQnTm##HB+QfiBiQHBn/BnbiiQf[mHBnbQMQniBiQHBf#iT2BfBM/2tX?iKH
9e
BM~iBQM 7Q` /v d Q7 KQMi? m BM v2` y M/ Bi Bb /2i2`KBM2/ b
RIy,m,d = Im−3 +
d− 1
/vb BM m · (Im−2 − Im−3).
h?2 p`B#H2 KQmMi Q7 i?2 b2KB@MMmH +QmTQMb Bb +H+mHi2/ #v KmHiBTHvBM; ?H7 i?2 `2H
MMmH +QmTQM `i2 #v i?2 MQKBMH T`BM+BTH KQmMi `2+H+mHi2/ b i i?2 +QmTQMǶb TvK2Mi
/i2X h?2 `2+H+mHi2/ MQKBMH T`BM+BTH KQmMi Bb i?2 bm#b+`B#2/ MQKBMH T`BM+BTH KQmMi
KmHiBTHB2/ #v i?2 AM/2tiBQM *Q2{+B2Mi i i?2 +QmTQMǶb TvK2Mi /i2X h?2 T`BM+BTH iQ #2
`2/22K2/ i Kim`Biv Bb +H+mHi2/ #v KmHiBTHvBM; i?2 bm#b+`B#2/ MQKBMH T`BM+BTH KQmMi
#v i?2 AM/2tiBQM *Q2{+B2Mi- +H+mHi2/ 7Q` i?2 Kim`Biv /i2X A7 i?2 pHm2 Q7 i?2 AM/2tiBQM
*Q2{+B2Mi 7Q` i?2 Kim`Biv /i2 Bb H2bb i?M QM2- i?2 KQmMi Q7 i?2 T`BM+BTH `2/22K2/ b?HH #2
i?2 MQKBMH pHm2 Q7 i?2 #QM/bX *QMb2[m2MiHv- B7 /m`BM; i?2 #QM/bǶ i2`K i?2`2 Bb  `2/m+iBQM
BM T`B+2b- i?2 KQmMi `2/22K2/ i Kim`Biv b?HH #2 BM Mv 2p2Mi 2[mH iQ i?2 #QM/bǶ MQKBMH
pHm2 URyyVX *m``2MiHv "hSīBb ?p2 Kim`BiB2b Q7 8- Ry- R8 M/ jy v2`bX
"hSīB Ahyyy9dj8R8k
6B;m`2 8Xk, .BHv S`B+2 Q7 "hSīB Ahyyy9dj8R8k- Bbbm2/ QM R8@CmM@kyRR M/ Kim`BM; QM R8@a2T@
kyke- +QmTQM `i2 j-RWX *H2M T`B+2b `2 2KTHQv2/ BM i?2 MHvbBb- #mi ?2`2- rBi? i?2 BMp2biQ`
TQBMi Q7 pB2r- /B`iv /BHv T`B+2b `2 THQii2/- BX2X BM+HmbBp2 Q7 i?2 ++`m2/ BMi2`2biX h?2 iBK2
rBM/Qr bTMb #2ir22M R9@P+i@kyR8 M/ Rj@T`@kykyX h?2 THQi b?Qrb b2p2`H ?`b? 7HHb BM i?2
T`B+2 Q7 i?2 b2+m`Biv- ?B;?HB;?iBM; bQK2 FBM/ Q7 K`F2i i2MbBQM iQ #2 7m`i?2` MHvb2/X h?Bb
#2?pBQm` Bb `2T`2b2MiiBp2 7Q` i?2 Qi?2` }p2 AiHBM hASabX
9d
8XkXk "hS
"hSb `2 Bbbm2/ rBi? Kim`BiB2b Q7 j- 8- d- Ry- R8- ky- jy M/ 8y v2`bX +imHHv- i?2 h`2bm`v
Bbbm2b 8Ǘ v2`- RyǗ v2`- R8Ǘ v2` M/ jR v2` "hSb- bQ i?i r?2M i?2 b2`B2b Q7 `2QT2MBM;b
2M/b- `2bB/mH Kim`Biv Bb M2` 8- Ry- R8- jy v2`bkX "hSb `2 Qz2`2/ i?`Qm;?  K`;BMH m+iBQM
rBi? /Bb+`2iBQMH /2i2`KBMiBQM Q7 T`B+2 M/ [mMiBiv Bbbm2/X *QmTQMb `2 TB/ irB+2  v2`X
"hSb `2 `2/22K2/ i Kim`Biv i T` rBi?  bBM;H2 TvK2MiX "hSb ++QmMi 7Q` HKQbi dkW
Q7 i?2 iQiH AiHBM Tm#HB+ /2#i 2tTQbm`2X h?2v `2 KQM; i?2 KQbi HB[mB/ M/ i`/2/ AiHBM
;Qp2`MK2Mi b2+m`BiB2bX NR "hSb r2`2 i`/2/ QM T`BH R9i?- kykyX Pm` b2H2+iBQM `mH2b `2/m+2/
i?2 /ib2i iQ jR b2+m`BiB2b- rBi?  7mHH 8@v2` T`B+2 iBK2 b2`B2b M/ Kim`Biv i H2bi QM2 v2`
7i2` `2i`B2pH /i2X
"hS Ahyyy93yR89R
6B;m`2 8Xj, .BHv /B`iv S`B+2 Q7 "hS Ahyyy93yR89R- Bbbm2/ QM yR@J`@kyRk M/ Kim`BM; QM yR@
a2T@kykk- +QmTQM `i2 8-8WX h?2 iBK2 rBM/Qr bTMb #2ir22M R9@P+i@kyR8 M/ Rj@T`@kykyX h?2
THQi b?Qrb ;BM b2p2`H ?`b? 7HHb BM i?2 T`B+2 Q7 i?2 b2+m`BivX h?Bb #2?pBQm` Bb `2T`2b2MiiBp2
Q7 i?2 Qi?2` i?B`iv AiHBM "hSbX
8XkXj >A*S@2tXiQ#++Q
*QMbmK2` T`B+2 BM~iBQM BM i?2 1m`Q@`2 Bb K2bm`2/ #v i?2 >`KQMBb2/ AM/2t Q7 *QMbmK2`




+[mB`2/- mb2/ Q` TB/ 7Q` #v 2m`Q `2 ?Qmb2?QH/bX h?2 i2`K ǳ?`KQMBb2/Ǵ /2MQi2b i?2 7+i
i?i HH i?2 +QmMi`B2b BM i?2 1m`QT2M lMBQM 7QHHQr i?2 bK2 K2i?Q/QHQ;vX h?Bb 2Mbm`2b i?i
i?2 /i 7Q` QM2 +QmMi`v +M #2 +QKT`2/ rBi? i?2 /i 7Q` MQi?2`X h?2 KBM ibF Q7 i?2 1*"
Bb iQ KBMiBM T`B+2 bi#BHBiv- /2}M2/ b M MMmH >A*S BM~iBQM `i2 Q7 #2HQr kW Qp2` i?2
K2/BmK i2`KX h?2 >A*S Bb HbQ mb2/ BM bb2bbBM; r?2i?2`  +QmMi`v Bb `2/v iQ DQBM i?2 2m`Q
`2X h?2 >A*S Bb +QKTBH2/ #v 1m`Qbii M/ i?2 MiBQMH biiBbiB+H BMbiBimi2b BM ++Q`/M+2
rBi? ?`KQMBb2/ biiBbiB+H K2i?Q/bX >A*S `2 T`Q/m+2/ M/ Tm#HBb?2/ mbBM;  +QKKQM BM/2t
`272`2M+2 T2`BQ/ UkyR8 4 RyyVX AM/2t2b `2 M2Bi?2` +H2M/` MQ` b2bQMHHv /Dmbi2/X .i `2
`2H2b2/ KQMi?HvX
HKQbi HH +QMbmK2` ;QQ/b M/ b2`pB+2b Tm`+?b2/ #v K2Mb Q7 KQM2i`v i`Mb+iBQMb +QK2
rBi?BM i?2 b+QT2 Q7 i?2 >A*SX h?2 i2+?MB+H MK2 7Q` i?2b2 2tT2M/Bim`2b Bb ǳ?Qmb2?QH/ }MH
KQM2i`v +QMbmKTiBQM 2tT2M/Bim`2ǴX h?Bb BM+Hm/2b 2p2`v/v Bi2Kb- /m`#H2 ;QQ/b M/ b2`pB+2bX
h?2 QMHv bB;MB}+Mi `2 Q7 +QMbmKTiBQM +m``2MiHv MQi +Qp2`2/ Bb 2tT2M/Bim`2 QM ?QmbBM; #v
?QK2QrM2`bX >A*S@2tXiQ#++Q /Q2b MQi iF2 BMiQ ++QmMi T`B+2b `2HiBM; iQ iQ#++Q M/ Bib
/2`BpiBp2bX "`Q/Hv bT2FBM;- >A*S Bb  GbT2v`2b T`B+2 BM/2t- BX2X  }t2/@#bF2i T`B+2 BM/2t
r?B+? /2}M2b  #bF2i Q7 ;QQ/b M/ b2`pB+2b BM i?2 #b2 T2`BQ/ i?i Bb T`B+2/ BM 2+? bm#b2[m2Mi
T2`BQ/X h?2b2 ;QQ/b M/ b2`pB+2b `2 r2B;?i2/ ++Q`/BM; iQ i?2B` b?`2 BM Qp2`HH +QMbmKTiBQM
BM i?2 #b2 T2`BQ/X >Qr2p2`- i?2 >A*S Bb MQi  bi`B+i }t2/@#bF2i BM/2tX Ai K2bm`2b i?2
/2p2HQTK2Mi Q7 T`B+2b Qp2` iBK2 7Q` }t2/ ǳ+QMbmKTiBQM b2;K2MibǴ- i?i Bb b2ib Q7 +QMbmK2`
2tT2M/Bim`2b i?i b2`p2  +QKKQM Tm`TQb2X Hi?Qm;? i?2b2 +QMbmKTiBQM b2;K2Mib `2 }t2/- i?2
bT2+B}+ T`Q/m+ib i?i `2 BM+Hm/2/ BM T`iB+mH` b2;K2Mib Kv +?M;2 Qp2` iBK2X AM Qi?2` rQ`/b-
+2`iBM Bi2Kb Kv 2tBi i?2 #bF2i M/ M2r QM2b Kv 2Mi2` b i?2v #2+QK2 `2H2pMi iQ ?Qmb2?QH/
+QMbmKTiBQM 2tT2M/Bim`2X
8Xj ai`BTTBM; _2H w*" S`B+2b
h?2 T`B+2 Q7  hASa rBi? 7+2 pHm2 K M/ +QmTQM C Bb ;Bp2M #v
PTIPS(t) = ICd,m,y ·K · Pr(t, T ) +
T∑
i=1
ICd,m,y · C · Pr(t, Ti). U8XRV
6+2 pHm2 K Bb `2/22K2/ i Kim`BivX :Bp2M  +QmTQM `i2 Q7 c% M/ T`QpB/2/ i?i +QmTQMb `2
Tv2/ m iBK2b T2` v2`- +QmTQMb `2 +QKTmi2/ b cm ·KX h`2bm`v b2+m`BiB2bǶ +QmTQMb `2 ivTB+HHv
TB/ irB+2  v2`- ?2M+2 i?2 +QmTQMb `2 +QKTmi2/ b c2 ·KX *QmTQM TvK2Mi /i2b `2 biQ`2/
BM i?2 p2+iQ` Ti = {t1, . . . , tT } 7Q` b2+m`Biv i- Kim`Biv /i2b BM i?2 p2+iQ` T = {T1, . . . , T6}X
i pHmiBQM /i2 d/m/y- +QmTQMb M/ 7+2 pHm2 `2 KmHiBTHB2/ #v i?2 BM/2tiBQM +Q2{+B2Mi
ICd,m,y- bQ i?i i?2 /2TH2iBM; 2z2+i Q7 BM~iBQM 7`QK BbbmM+2 mT iQ pHmiBQM /i2 Bb +Q``2+i2/X




6B;m`2 8X9, SHQi Q7 >A*S@2tXiQ#++Q KQMi?Hv 2pQHmiBQM #2ir22M CMm`v- R8i? kyyy M/ T`BH-
R8i? kykyX aQK2 /2;`22 Q7 b2bQMHBiv Bb b?QrMX aQm`+2, 1m`QbiiX
Pm` /ib2i Q7 bBt "hSīBb bTMb Qp2` n = 1174 /BHv Q#b2`piBQMbX 6Q` 2+? b2+m`Biv i 2+?
pHmiBQM /i2- r2 +QKTmi2/ i?2 `2H2pMi BM/2tiBQM +Q2{+B2Mi ICd,m,yX h?2M- r2 +QKTmi2/
+QmTQM TvK2Mi /i2b 7Q` 2+? hASaX 6Q` 2+? b2+m`Biv- r2 +QKTmi2/ i?2 /BbiM+2 BM 7`+iBQM Q7
v2`b #2ir22M 2+? /v Q7 pHmiBQM M/ +QmTQM TvK2Mi /i2bX h?Bb vB2H/2/  i?`22 /BK2MbBQMH
Ki`Bt Q7 n `Qrb- MmK#2` Q7 +QmTQMb iQ #2 Tv2/ +QHmKMb- M/ bBt T;2b9X h?2 bK2 T`Q+2/m`2
Bb TTHB2/ iQ +QKTmi2 i?2 /BbiM+2 #2ir22M pHmiBQM /i2 M/ Kim`Biv- vB2H/BM;  n×6 Ki`BtX
.Bb+QmMiBM; 7mim`2 TvK2Mib `2[mB`2b i?2 +QKTmiiBQM Q7 `2H w*"bX GQM;2` HbiBM; Kim@
`BiB2b BM Qm` /ib2i ;m`Mi22 KQ`2 i?M }7iv 7mim`2 TvK2Mib- #mi KMv KQ`2 `2H w*"b `2
`2[mB`2/ #2+mb2 TvK2Mi /i2b Q7 Qi?2` b2+m`BiB2b ``2Hv Ki+?X h?Bb i?2Q`2iB+HHv `2[mB`2b i?2
+QKTmiiBQM Q7 KMv `2H #QM/ T`B+2b Pr(t, ti)- 7`QK /i2 Q7 pHmiBQM t iQ 2+? TvK2Mi /i2
BM Ti M/ TX q2 `2+HH i?i `2H T @w*"b `2 +QKTmi2/ b




AM a2+iBQM RXR r2 bbmK2/ i?i i?2`2 2tBbi  T @#QM/ 7Q` 2+? T > 0X h?Bb bbmKTiBQM ;2M2`i2b
M BM}MBi2 b2i Q7 T @w*"- r?B+? HHQrb mb iQ +QKTmi2 i?2 +QMiBMmQmb 7Q`r`/ i2`K bi`m+im`2
#2ir22M t M/ T X AM i?2Q`v- r2 +QmH/ `2i`B2p2 bQK2 w*" T`B+2b #v bQHpBM; U8XRV 7Q` Pr(t, Ti)-
;Bp2M i?2 K`F2i T`B+2 PTIPS(t)X q2 rQmH/ #2 biBHH B``2K2/B#Hv 7` 7`QK +QKTmiBM;  +QMiBMmQmb
9q2 `272` iQ i?2 i?2 i?B`/ /BK2MbBQM b ǳT;2Ǵ rBi? i?2 JiH# D`;QMX h?Bb /BK2MbBQM BM/2t2b i?2 m × n
Ki`Bt2b- i?2`27Q`2 r2 +M 2[mBpH2MiHv bv i?i r2 ?p2 i m× n Ki`Bt2b Q` Dmbi  m× n× i i?`22 /BK2MbBQMH
Ki`BtX
8y
+m`p2X q2 Qp2`+QK2 i?Bb BKTbb2 rBi?  bBKTH2- #mi `Q#mbi bbmKTiBQM UC``Qr- kyyk- TTX jy9@
jyeVX q2 bbmK2 i?i i?2 7Q`r`/ `i2 +m`p2 Bb TB2+2rBb2 +QMbiMi #2ir22M }t2/ BMi2`pHb- i?mb
r2 T`K2i`Bb2 i?2 2MiB`2 +m`p2 rBi?  }MBi2 MmK#2`b Q7 TQBMibX h?2 T`B+2 Q7  `2H w*" `2/m+2b
iQ
Pr(t, T ) = e
−
! T
t fr(t,k)du = e−fr(t,k)·∆,
r?2`2 fr(t, k) Bb i?2 +QMbiMi 7Q`r`/ `i2 7Q` i?2 U T`BQ`B }t2/V iBK2 BMi2`pH BM r?B+? ∆ = T−t
Bb +QMiBM2/X aBM+2 r2 ?p2 bBt b2+m`BiB2b- r2 }t }p2 `i2b fr(t, ki) 7Q` }p2 iBK2 BMi2`pHb, y@j
v2`b- j@8 v2`b- 8@Ry v2`b- Ry@ky v2`b- ky@Kt(∆) v2`bX 6Q` BMbiM+2- bmTTQb2 ∆1 = 6 v2`b
M/ ∆2 = 7 v2`b- i?2M i?2v rQmH/ #2 #Qi? bbQ+Bi2/ rBi? 7Q`r`/ `i2 fr(t, k3)X
q2 /2i2`KBM2 i?2 7Q`r`/ `i2b 7Q` 2+? Q7 i?2 }p2 Kim`BiB2b QM  /v #v /v #bBb- BM Q`/2`
iQ bim/v i?2 2pQHmiBQM Q7 i?Bb /Bb+`2iBb2/ 7Q`r`/ `i2 +m`p2X i 2+? Q7 i?2 n /vb- r2 HQQF
7Q` i?2 }p2 `i2b fr(t, ki) r?B+? KBMBKBb2 i?2 bmK Q7 i?2 b[m`2/ /Bz2`2M+2 #2ir22M i?2 K`F2i






















h?Bb KBMBKBbiBQM Bb `2T2i2/ n iBK2b- vB2H/BM; n p2+iQ`b Q7 }p2 `2H 7Q`r`/ `i2b 7Q` i?2 }p2
iBK2 BMi2`pHbX
8X9 ai`BTTBM; LQKBMH w*" S`B+2b
h?2 T`B+2 Q7  MQKBMH *" rBi? 7+2 pHm2 K M/ +QmTQM C Bb ;Bp2M #v
P (t) = K · Pn(t, T ) +
T∑
i=1
C · Pn(t, Ti).
6+2 pHm2 K Bb `2/22K2/ i Kim`BivX *QmTQMb `2 +QKTmi2/ b c2 · KX *QmTQM TvK2Mi
/i2b `2 biQ`2/ BM i?2 p2+iQ` Ti = {t1, . . . , tT } 7Q` b2+m`Biv i- Kim`Biv /i2b BM i?2 p2+iQ`
T = {T1, . . . , T31}X q2 MQi2 i?i MQKBMH w*"b- Pn(t, T )- `2 2KTHQv2/ b T`B+2 /2~iQ`b iQ
/Bb+QmMi 7mim`2 +b? ~QrbX
Pm` /ib2i Q7 jR "hSb bTMb Qp2` n = 1174 /BHv Q#b2`piBQMbX 6Q` 2+? b2+m`Biv- r2
+QKTmi2/ i?2 +QmTQM TvK2Mi b+?2/mH2 M/ i?2 /BbiM+2 BM 7`+iBQM Q7 v2`b #2ir22M 2+?
/v Q7 pHmiBQM M/ +QmTQM TvK2Mi /i2bX h?Bb vB2H/2/  i?`22 /BK2MbBQMH Ki`Bt Q7 n
`Qrb- MmK#2`@Q7@+QmTQMb@iQ@#2@Tv2/ +QHmKMb- M/ jR T;2bX h?2 bK2 T`Q+2/m`2 Bb TTHB2/ iQ
+QKTmi2 i?2 /BbiM+2 #2ir22M pHmiBQM /i2 M/ Kim`Biv- vB2H/BM;  n× 31 Ki`BtX
1p2M B7 r2 +QmH/ i?2Q`2iB+HHv +QMbi`m+i  jy@T`K2i2` MQKBMH 7Q`r`/ +m`p2- r2 biB+F iQ
i?2 T`2pBQmbHv 2tTHBM2/ }p2 T`K2i2`b b+?2K2- BM Q`/2` iQ 2Mbm`2 +QKT`#BHBiv #2ir22M `2H
























































































































































UV _2H 6Q`r`/ _i2b 1pQHmiBQM
U#V LQKBMH 6Q`r`/ _i2b 1pQHmiBQM
6B;m`2 8Xd, h?2`2 /BK2MbBQMH THQi Q7 6Q`r`/ _i2b 1pQHmiBQM #2ir22M R9@P+i@kyR8 M/ Rj@
T`@kykyX q2 MQi2 ;BM i?2 b?`T BM+`2b2 BM b?Q`i2` Kim`Biv `2H `i2bX LQKBMH `i2b +H2`Hv
pBbmHBb2 i?2 i2`K bi`m+im`2- r?B+? Bb BM+`2bBM; BM Kim`BivX
89
j@8 v2`b- 8@Ry v2`b- Ry@ky v2`b- ky@Kt(∆) v2`bX i 2+? Q7 i?2 n /vb- r2 HQQF 7Q` i?2 }p2
T`K2i2`b fn(t, ki) r?B+? KBMBKBb2 i?2 bmK Q7 i?2 b[m`2/ /Bz2`2M+2 #2ir22M i?2 K`F2i T`B+2






















h?Bb KBMBKBbiBQM Bb `2T2i2/ n iBK2b- vB2H/BM; n p2+iQ`b Q7 }p2 MQKBMH 7Q`r`/ `i2b 7Q` i?2
}p2 iBK2 BMi2`pHbX
8X8 S`K2i2` *HB#`iBQM
>pBM; bi`BTT2/ 7Q`r`/ `i2b 7`QK +QmTQM #QM/ T`B+2b- r2 +QKTmi2 w*" T`B+2b QM  /BHv #bBb
7Q` Qm` }p2 Kim`BiB2bX aT2+B}+HHv- r2 FMQr i?i
P (t, t+∆T ) = e
−
! t+∆T
t f(t,t+∆T )du = e−f(t,t+∆T )·∆T .
6`QK Qm` bbmKTiBQM `2;`/BM; Kim`Biv BMi2`pHb- r2 FMQr i?i ∆T = (T−t) ∈ {3, 5, 10, 20, 30}X
q2 bi`2bb ;BM i?i f(t, t+∆T ) Bb i?2 TB2+2rBb2 +QMbiMi 7Q`r`/ `i2 bbQ+Bi2/ iQ i?2 Kim`Biv
∆T X q2 TTHv i?Bb `2bQMBM; #Qi? iQ `2H M/ MQKBMH 7`Qr`/ `i2b- BM Q`/2` iQ `2i`B2p2 #Qi?
`2H M/ MQKBMH w*" /BHv T`B+2bX 6Q` i?2 bF2 Q7 +H`Biv- r2 ;Bp2  #`B27 2tKTH2 rBi? `2H
7Q`r`/ `i2b `2i`B2p2/ 7Q` P+iQ#2` R9i?- kyR8X
_2H w*" T`B+2 QM P+iQ#2` R9i?- kyR8
∆T = (T − t) j 8 Ry ky ky
f(t, t+∆T ) @y-y3d88RW y-yjjRdjW R-e9W k-yjW k-y8W
Pr(t, t+∆T ) R-yyke y-NN3j y-393j y-eeej y-89yR
_2HvBM; QM i?2 bbmKTiBQM Q7 MQ`KHBiv Ub22 6B;m`2 8X3V M/ `2+HHBM; 2[miBQM U9XR3V- r2 FMQr


























∆t Kv `2bmHi iQ #2 bKHH 2MQm;? iQ #2 M2;H2+i2/8X h?Bb TT`Qt@
BKiBQM bBKTHB}2b Qm` +QKTmiiBQMH ibFb- #2+mb2 r2 +M 2KTHQv i?2 MQ`KH /Bbi`B#miBQM Q7
8h?2 2tT2+i2/ `2im`M +M #2 +QKTmi2/ 7Q`  j@v2` i2Mm`2 rBi? i?2 +HB#`i2/ T`K2i2`b b
[0, 0227 + 0, 0084 · 0, 0042 · 0, 0086 · 3] · 0, 00274 = 6, 22 · 10−5X h?2 p`BM+2 Bb bBKBH`Hv bKHH, (0, 0086 · 3)2 ·
0, 00274 = 1, 8 · 10−6X >Qr2p2`- i?2 biM/`/ /2pBiBQM Bb Km+? #B;;2`,
!
1, 8 · 10−6 = 1, 35 · 10−3X h?Bb Bb r?v
r2 M2;H2+i i?2 /`B7i- #mi F22T i?2 p`BM+2X
88
U8X8V HbQ 7Q` i?2 #QM/ `2im`Mb Q7 U9XR3VX aBM+2 r2 `2 BKBM; i 2biBKiBM; i?2 pQHiBHBiv i2`K
BM U8X8V M/ r2 FMQr i?i /BzmbBQM +QKTQM2Mib `2 BMp`BMi rBi? `2bT2+i iQ 2[mBpH2Mi +?M;2b
Q7 T`Q##BHBiv K2bm`2- i?Bb +HB#`iBQM T`Q+2/m`2 Bb pHB/ #Qi? mM/2` i?2 `2H@rQ`H/ K2bm`2 P
M/ mM/2` i?2 `BbF@M2mi`H K2bm`2 QX _2+HHBM; i?i σr(t, T ) = σre−ar∆T - r2 +M r`Bi2 i?2











G2i mb +H`B7v  TQbbB#H2 MQiiBQMH Bbbm2X ∆ Bb i?2 /Bz2`2M+2 QT2`iQ`- 7Q` BMbiM+2 ∆Pr(t, T ) =
Pr(t+, 1, T +1)−Pr(t, T )X ∆T = (T − t) Bb i?2 Kim`Biv iBK2 BMi2`pH- r?B+? +M iF2 }p2 pHm2bX
∆t = (t+ 1)− t Bb 2[mH iQ QM2 /v Q` TT`QtBKi2Hv y-yykd9 je8@/v v2`bX
q2 `2i`B2p2 M 2biBKiBQM Q7 i?2 H27i bB/2 Q7 U8XeV +QKTmiBM; i?2 bKTH2 p`BM+2 Q7 `2H w*"
T`B+2 `2im`Mb 7Q` 2+? Q7 i?2 }p2 Kim`BiB2bX h?2M- r2 `mM  MQM@HBM2` `2;`2bbBQM Q7 i?2 bKTH2
p`BM+2b QM ∆T i?`Qm;? i?2 7mM+iBQM BM i?2 `B;?i bB/2 Q7 U8XeVX 1biBKiBQMb Q7 T`K2i2`b `2
σ̂r = 0, 01794 M/ âr = 0, 03612X h?2 bK2 T`Q+2/m`2 Bb TTHB2/ iQ MQKBMH 7Q`r`/ `i2b-
bi`iBM; 7`QK 2[miBQM U9XRdVX 1biBKiBQMb Q7 MQKBMH T`K2i2`b `2 σ̂n = 0, 01509 M/ ân =
0, 0258X 1biBKi2b `2 7B`Hv bBKBH` 7Q` MQKBMH M/ `2H `i2bX
6Q` i?2 iBK2 rBM/Qr Q7 i?Bb MHvbBb 88 KQMi?Hv Q#b2`piBQMb Q7 >A*S@2tXiQ#++Q `2 pBH@
#H2X q2 7Q+mb QM i?2 H27i bB/2 Q7 2[miBQM U9XReV iQ 2biBKi2 σI - `2HvBM; QM nI = 54 KQMi?Hv










h?Bb 2biBKiBQM vB2H/b σ̂I = 0, 0042-  pHm2 HKQbi 7Qm` iBK2b bKHH2` i?M MQKBMH `i2 pQHiBHBivX
h?Bb +QM}`Kb i?i BM~iBQM ?/ #22M 7B`Hv bi#H2 Qp2` i?2 Hbi v2`bX aBM+2 ∆I(t)I(t) Bb `2bQM#Hv






















ρr,n = +Q` (∆rr(t),∆rn(t)) U8XdV
q2 +QMbB/2` i?2 7Q`r`/ `i2 7Q` Kim`BiB2b #2ir22M y M/ j v2`b b T`Qtv 7Q` i?2 b?Q`i `i2X
aBM+2 BM~iBQM /i `2 Tm#HBb?2/ KQMi?Hv- r2 Ki+? i?2 BM~iBQM `i2 +?M;2bǶ /i2b BM i?2
}`bi irQ 2tT`2bbBQMb Q7 2[miBQM U8XdV rBi? i?2 +Q``2bTQM/BM; `2H Q` MQKBMH `i2X *Q``2HiBQMb
#2ir22M `2H `i2b M/ BM~iBQM +?M;2b Bb HKQbi MmHHX h?Bb T`Qp2b i?i `2H `2im`M 2pQHmiBQM
Bb /BbiBM+i 7`QK BM~iBQM Tii2`MbX h?2`2 Bb TQbBiBp2- H#2Bi bKHH- +Q``2HiBQM #2ir22M MQKBMH
`i2b M/ BM~iBQM +?M;2bX LQKBMH M/ `2H `i2b `2 KQ`2 ?2pBHv +Q``2Hi2/X
8e
S`K2i2` 1biBKi2b
S`K2i2` 1biBKi2 N8W *QM}/2M+2 AMi2`pH
âr y-yjeR @y-ydjjc y-R98e
σ̂r y-yRdN @y-yy9jc y-y9yk
ân y-yk83 y-yyeek9c y-y99N3
σ̂n y-yR8yN y-yRR8c y-yR3eN

































































Sm#HB+ .2#i *Qbi 1biBKiBQM
q2 b?HH MQr MHvb2 BM /22T2` /2iBH i?2 #`mTi +QHHTb2 Q7 #QM/ T`B+2b M/ i?2 +QMb2[m2Mi
`Bb2 BM BMi2`2bi `i2b- r?B+? r2 2KT?bBb2/ /m`BM; i?2 }`bi pBbmH BMbT2+iBQM Q7 /iX _Qm;?Hv
QM Jv kyR3 AiHBM `2H #QM/ T`B+2b 72HH ?2pBHv M/ `2KBM2/ /2T`2bb2/ 7Q` bQK2 iBK2- #27Q`2
`2+Qp2`BM; HKQbi b 7bi Ub22 6B;m`2 8Xk)VX PM i?2 Qi?2` ?M/- MQKBMH #QM/ T`B+2b /BbTHv2/
 M2;iBp2 i`2M/ Qp2` i?2 2MiB`2 iBK2 rBM/Qr Q7 Qm` bim/vX h?2 T`B+2 `2/m+iBQM b22Kb iQ #2
/`Bp2M #v 2MpB`QMK2MiH T2`bBbi2Mi M2;iBp2 b?Q+Fb, T`B+2b 72HH #`mTiHv M/ bi#BHBb2/ `QmM/
HQr2` pHm2bX hrQ KDQ` `2/m+iBQMb Q++m``2/ 7Q` MQKBMH #QM/b- i?2 KQbi b2p2`2 Q7 r?B+? ;BM
`QmM/ Jv kyR3 rBi?Qmi Mv bB;M Q7 `2+Qp2`BM; Ub22 6B;m`2 8XjVX "Qi? MQKBMH M/ `2H #QM/b
2t?B#Bi  7m`i?2` `2/m+iBQM `QmM/ J`+?- b  +H2` +QMb2[m2M+2 Q7 i?2 Qmi#`2F Q7 *PoA.@
RNX q2 b?HH MQi +QKK2Mi i?Bb ?B;?Hv mM2tT2+i2/ M/ mMmbmH Q++m``2M+2- r?B+? Bb /Bb`mTiBM;
;HQ#H 2+QMQKv rBi? M2r M/ ?`K7mH i?`2ibX q2 b?HH 7Q+mb QM i?2 +QMi`+iBQM bmz2`2/ 7i2`
Jv kyR3- r?Qb2 K;MBim/2 M/ T2`bBbi2M+2 bm;;2bi  b?`T bi`m+im`H #`2F `i?2` i?M 
KQK2Mi`v KBbT2`+2TiBQMX _iBM; ;2M+B2b- BMbiBimiBQMb M/ BMp2biQ`b Kv Q7 +Qm`b2 KQK2Mi`BHv
KBbmM/2`biM/ Q` Qp2`bii2 i?2 TQHBiB+H M/ 2+QMQKB+ bBimiBQM Q7  +QmMi`v- i?mb /2T`2bbBM; i?2
T`B+2b Q7 Bib bQp2`2B;M /2#i b2+m`BiB2bX >Qr2p2`- i?Bb Bb +H2`Hv MQi i?2 +b2- #2+mb2 i?2 `2/m+iBQM
BM T`B+2b Bb iQQ /22T M/ T2`bBbi2Mi iQ #2 2tTHBM2/ #v  bBKTHBbiB+ M/ mMHBF2Hv #Bb BM Qp2`HH
pHmiBQMbX
Aahh KQMi?Hv `2TQ`ib QM AiHBM 2+QMQKv /2b+`B#2/ BM KBH/ i2`Kb i?2 ~ii2MBM; Q7 i?2
:.S +m`p2 M/ i?2 T`Q;`2bbBp2 /2i2`BQ`iBQM Q7 i?2 #mbBM2bb +QM}/2M+2 +HBKi2 Ub22 6B;m`2 eXkVX
_2TQ`ib ?B;?HB;?i2/ i?2 bi;MiBQM Q7 i?2 #mbBM2bb +v+H2 i  ;HQ#H H2p2H- rBi? +QMi`+iBQMb HbQ
BM i?2 la M/ :2`KMv M/ BM+`2b2b BM QBH T`B+2bX h?2 2+QMQKB+ +HBKi2 ?/ Q7 +Qm`b2 #22M
#2ii2`- #mi i?2 iQ`imQmb ;2biiBQM Q7 i?2 AiHBM 2t2+miBp2 rb /2}MBi2Hv MQi /2bB`#H2X 7i2`
2H2+iBQMb QM J`+? 9i?- kyR3 AiHv rBi2/ mMiBH CmM2 8i?- kyR3 7Q` i?2 2t2+miBp2 iQ #2 Q{+BHHv
7Q`K2/ M/ +FMQrH2/;2/X AMi2`M2+BM2 +QM~B+ib M/ TQHBiB+H bi`m;;H2b ?BM/2`2/ i?2 bi#BHBiv Q7
 ;Qp2`MK2Mi r?B+? rb #Q`M MQi iQ Hbi, i?2 }`bi 2t2+miBp2 H2/ #v :Bmb2TT2 *QMi2 +2b2/ QM
8N
m;mbi kyi?- kyRNX SQHBiB+H BMbi#BHBiv K/2 BKTQbbB#H2 i?2 bm`pBpH Q7 i?2 e8i? AiHBM 2t2+miBp2-
H2i HQM2 i?2 72bB#BHBiv Q7 Mv KDQ` M/ Km+? #2;;2/ `27Q`KX AMp2biQ`b /B/ MQi +QM/QM2 i?Bb
/M;2`Qmb #H2M/ Q7 T`2b2Mi- Tbi M/ 7mim`2 BMbiBimiBQMH r2FM2bb2b, i?2 bT`2/ #2ir22M Ry@v2`
AiHBM M/ :2`KM #QM/ vB2H/ DmKT2/ 7`QK RRj-jy #Tb QM T`BH k8i?- kyR3 iQ k3N-j8 #Tb QM
Jv jyi?- kyR3 M/ `2KBM2/ +QMbBbi2MiHv ?B;? 7Q` KQ`2 i?M  v2`X
h?2 rQ`/ ǳbT`2/Ǵ BM M 2+QMQKB+ +QMi2ti bQmM/b i`2+?2`Qmb iQ KMv AiHBMbX AM `2HBiv-
Bi Bb b ?`K7mH b  MmK#2` +M #2X aBKTHv Tmi- Bi Bb i?2 /Bz2`2MiBH #2ir22M i?2 vB2H/ Q7 Ry@
v2` AiHBM "hS M/  Ry@v2` :2`KM "mM/X :2`KMv Bb iF2M b #2M+?K`F 7Q` 2+QMQKB+
+QKT`BbQM BM i?2 1m`Q `2 7Q` Bib- i H2bi HH2;2/ #mi Q7i2M 2z2+iBp2- 2+QMQKB+ bQHB/BivX b r2
bB/ BM i?2 BMi`Q/m+iQ`v +?Ti2`- i?2 KQ`2 H2M/2`b T2`+2Bp2 #Q``Qr2`b b `BbFv UBM i?2 b2Mb2 i?i
`2TvK2Mi #2+QK2b H2bb M/ H2bb +2`iBMV- i?2 ?B;?2` i?2 BMi2`2bi `i2 i?2v `2[mB`2X hFBM; i?2
:2`KM +b2 b #2M+?K`F- i?2 ?B;?2` i?2 bT`2/- i?2 ?B;?2` i?2 BMi2`2bi `i2b bF2/ iQ AiHv
M/ ?2M+2 i?2 Qp2`HH +Qbi Q7 /2#iX h?2`27Q`2- i?2 bT`2/ Bb  T`Qtv Q7 i?2 AiHBM 2+QMQKB+ M/
}MM+BH `2TmiiBQMX h?2 ?B;?2` i?2 bT`2/- i?2 ?B;?2` i?2 BMi2`2bi `i2 bF2/- ?2M+2 i?2 HQr2`
i?2 +QM}/2M+2 Q7 BMp2biQ`b BM i?2 AiHBM +b2X aT`2/ Bb K2bm`2/ BM #bBb TQBMib, R #T 4 y-yRWX
6B;m`2 eXR, Ry@v2` "hS@"mM/ aT`2/ 7`QK yk@CM@kyRd iQ R3@Jv@kykyX aQm`+2, AH aQH2 k9 P`2
.i#b2X
ey
6B;m`2 eXk, h?2 Aahh 2+QMQKB+ b2MiBK2Mi BM/B+iQ` Bb M BM/B+iQ` Q7 i?2 #mbBM2bb +QM}/2M+2
+HBKi2 /Bbb2KBMi2/ #v AahhX "Qi? A1aA M/ :.S THQi 2KT?bBb2 i?i 7Q` HKQbi  v2`-
7`QK CMm`v kyR3 iQ CMm`v kyRN- AiHBM 2+QMQKv bi;Mi2/ M/ i?2 Qp2`HH +QM}/2M+2 Q7
2Mi2`T`Bb2b BM i?2 7mim`2 +QMbiMiHv /2+`2b2/X aQm`+2, AahhX
eXR 6Q`r`/ _i2 aBKmHiBQM
h?2 T`2pBQmb BMi`Q/m+iQ`v bmKK`v +QMp2vb i?2 B/2 i?i 7i2` Jv kyR3 2+QMQKB+ +QM/BiBQMb
+?M;2/ b2p2`2HvX >Qr2p2`- i?Bb Kv MQi ?p2 #22M i?2 +b2X A7 r2 i?BMF BM i2`Kb Q7 biQ+?biB+
T`Q+2bb2b- i?2 #Hm2 HBM2b BM i?2 THQib `2 `2HBbiBQMb Q7 i?2 mM/2`HvBM; T`Q+2bb2bX h?2 2pQHmiBQMb
Q7 biQ+?biB+ [mMiBiB2b `2 KQ/2HH2/ b dX(t) = µ(t,X(t))dt+σ(t,X(t))dW (t). _2HBbiBQMb `2
i?2Q`2iB+HHv BM}MBi2Hv KMv M/ `2 /`Bp2M #v  /2i2`KBMBbiB+ +QKTQM2Mi- i?2 /`B7i i2`K- M/ 
biQ+?biB+ +QKTQM2Mi- i?2 /BzmbBQM i2`KX Ai Kv #2 i?i i?2 T`K2i2`b Q7 i?2 `2H2pMi biQ+?biB+
T`Q+2bb2b `2KBM2/ +QMbiMi Qp2` Qm` 2MiB`2 bKTH2X h?mb- i?2 bTBFv 2pQHmiBQMb r2 /2b+`B#2/
2`HB2` Kv Dmbi #2 `2HBbiBQMb /`Bp2M #v 2ti`2K2 pHm2b Q7 i?2 /BzmbBQM i2`KX aT2+B}+HHv- i?2
biQ+?biB+ +QKTQM2Mi- dW (t)- Bb KQ/2HH2/ rBi?  MQ`KH /Bbi`B#miBQM- BX2X W (t) ∼ N (0, t)- r?B+?
+M iF2 pHm2b QM i?2 2MiB`2 `2H HBM2X >2M+2- i?2 `2HBbiBQM r2 Q#b2`p2/ Kv BM i?2Q`v #2
Dmbi M 2ti`2K2 `2HBbiBQM Q7 i?2 mM/2`HvBM; T`Q+2bb- mMHBF2Hv v2i TQbbB#H2X AM Q`/2` iQ 2pHmi2
i?2 /2;`22 Q7 mMHBF2HBM2bb Q7 bm+? `2HBbiBQMb- r2 b?HH +QKTmi2 bQK2 +QM}/2M+2 BMi2`pHb 7Q`
i?2 biQ+?biB+ T`Q+2bb 2pQHmiBQMbX b 2tTHBM2/ BM a2+iBQM 8X8- r2 +HB#`i2 ;BM Qm` 2B;?i
T`K2i2`b rBi? Q#b2`piBQMb mT iQ Jv Rbi- kyR3- i?mb r2 `2/m+2 Qm` MQKBMH M/ `2H 7Q`r`/
eR
`i2 bKTH2 iQ ee8 /BHv Q#b2`piBQMbX
S`K2i2` 1biBKi2b QM _2/m+2/ aKTH2
S`K2i2` 1biBKi2 N8W *QM}/2M+2 AMi2`pH
âr @y-yykN @y-yekedc y-y8eN
σ̂r y-yy3e y-yyRR8dc y-yRe
ân @y-yyjR @y-ykRNec y-yR8d8
σ̂n @y-yy3N @y-yRR9dc @y-yye9j




h#H2 eXR, 1biBKi2b Q7 i?2 }`bi 7Qm` T`K2i2`b #2+QK2 KQ`2 T`2+Bb2 rBi? `2/m+2/ +QM}/2M+2
BMi2`pHbX σ̂n, ρ̂r,I M/ ρ̂n,I /Q MQi +?M;2 Km+?c QM i?2 +QMi``v- ρ̂r,n KQ`2 i?M ?Hp2/X Pp2`HH-
+QM}/2M+2 BMi2`pHb 7Q` i?2 `2/m+2/ +HB#`iBQM b?`BMF rBi? `2bT2+i iQ i?2 7mHH bKTH2 +HB#`iBQMX
>Qr2p2`- i?2 BMi2`pHb biBHH `2KBM [mBi2 rB/2 7Q` âr M/ σ̂rX GQM;2` iBK2 bTM rQmH/ T`Q##Hv
?2HT BM `2/m+BM; i?2 p`B#BHBiv Q7 T`K2i2`bǶ 2biBKi2bX
PM+2 r2 ?p2 Q#iBM2/ T`K2i2` 2biBKi2b- r2 +M 2biBKi2 i?2 pQHiBHBiv 7mM+iBQM 7Q` #Qi?
MQKBMH M/ `2H 7Q`r`/ `i2 2pQHmiBQMbX q2 `2+HH i?i i?2 C``Qr@uBH/B`BK KQ/2H 2KTHQvb i?2
pQHiBHBiv 7mM+iBQM σk(t, T ) = σke−ak·(T−t)- rBi? k = {n, r}X AM Qm` b2iiBM; (T − t) = ∆T M/
∆T = {3, 5, 10, 20, 30}X h?2`27Q`2- r2 +M +QKTmi2 i?2 i2M pQHiBHBiv 7mM+iBQMb 7Q` 2+? ∆T M/
7Q` #Qi? MQKBMH M/ `2H `i2bX 6Q` 2tKTH2- ;Bp2M 2biBKi2b σ̂n = −0, 0089 M/ ân = −0, 0031-
σn(∆T,1) = −0, 0089 · e0,0031·3 = −0, 0090. _2+HHBM; 2[miBQMb U9XR9V M/ U9XR8V M/ FMQrBM;
i?i pQHiBHBiv 7mM+iBQMb `2 +QMbiMi 7Q` 2+? Kim`Biv- r2 +M +QKTmi2 i?2 /vMKB+b Q7 MQKBMH
M/ `2H 7Q`r`/ `i2b,
dfn(∆T,i) = σn(t, T )
∫ T
t
















dt+ σr(t, T )dW
Q
r (t)
= σr(∆T,i) [σr(∆T,i) ·∆T,i − ρr,IσI ] dt+ σr(∆T,i)dWQr (t). UeXkV
6Q` 2tKTH2- dfn(∆T,1) = ((−0, 0090)2 · 3)dt − 0, 0090 · dWQn (t). >Qr2p2`- r2 Kmbi bBKmHi2
i`D2+iQ`B2b mM/2` i?2 `2H@rQ`H/ K2bm`2 PX "v i?2 :B`bMQp i?2Q`2K- r2 FMQr i?i dWQ(t) =
dWP (t) − φ(t)dt- r?2`2 φ(t) Bb i?2 K`F2i T`B+2 Q7 `BbFX _i?2` i?M rQ`FBM; rBi?  iBK2
/2T2M/2Mi K`F2i T`B+2 Q7 `BbF- r2 KQ/2H i?2 :B`bMQp F2`M2H b +QMbiMi +`Qbb Kim`BiB2b- BX2X
φk rBi? k ∈ {n, r}X h?2`27Q`2- r2 bbQ+Bi2 iQ 2+? +Hbb Q7 7Q`r`/ `i2  K`F2i T`B+2 Q7 `BbF
ek
M/ r2 /2b+`B#2 i?2 7QHHQrBM; `2H@rQ`H/ /vMKB+b,
dfn(∆T,i) = σn(∆T,i) [σn(∆T,i) ·∆T,i − φn] dt+ σn(∆T,i)dWPn (t) UeXjV
dfr(∆T,i) = σr(∆T,i) [σr(∆T,i) ·∆T,i − ρr,IσI − φr] dt+ σr(∆T,i)dWPr (t). UeX9V












= σr(∆T,i) [σr(∆T,i) ·∆T,i − ρr,IσI − φr] . UeXeV
q2 }i  MQ`KH /Bbi`B#miBQM iQ 2+? /Bz2`2M+2/ iBK2 b2`B2b BM i?2 H27i bB/2 Q7 UeX8V M/ UeXeV-
M/ `2i`B2p2/ irQ 5× 1 K2M p2+iQ`b- µn M/ µrX hQ i?Bb 2ti2Mi- r2 2KTHQv2/ i?2 `2/m+2/ iBK2
b2`B2b Q7 i?2 }`bi ee8 /BHv Q#b2`piBQMb- BM Q`/2` iQ 2t+Hm/2 i?2 TQbbB#Hv MQKHQmb iBK2 rBM/QrX
J`F2i T`B+2b Q7 `BbF `2 +QKTmi2/ b i?2 T`K2i2`b φk- KBMBKBbBM; i?2 /Bz2`2M+2 #2ir22M i?2
H27i bB/2 M/ `B;?i bB/2 Q7 UeX8V M/ UeXeV Qp2` 8 2[miBQMb `2bT2+iBp2HvX
J`F2i S`B+2 Q7 _BbF QM _2/m+2/ aKTH2
1biBKi2 N8W *QM}/2M+2 AMi2`pH
φ̂n @y-kRy3 @y-kddjc @y-RR9j
φ̂r y-RRjR @y-jjyNc y-88dy
h#H2 eXk, *QM}/2M+2 BMi2`pHb `2 rB/2- 2bT2+BHHv 7Q` φ̂rX hvTB+HHv- i?2 2biBKiBQM Q7 K`F2i
T`B+2b Q7 `BbF T`Qp2b iQ #2  /B{+mHi ibF- #2+mb2 HQM; iBK2 b2`B2b `2 M22/2/ 7Q`  T`2+Bb2
+HB#`iBQMX a2p2`H i2+?MB[m2b Kv #2 mb2/ iQ `2i`B2p2 K`F2i T`B+2b Q7 `BbF- bm+? b `2;`2bbBQM
Qp2` iBK2 b2`B2b Q` EHKM }Hi2`bX q2 +?Qb2 iQ bT2+B7v +QMbiMi K`F2i T`B+2b Q7 `BbF- #mi  KQ`2
+QKTH2t 7mM+iBQMH 7Q`K Kv #2 bT2+B}2/X Pp2`HH- +QMi`B#miBQMb iQ i?2 `2H2pMi HBi2`im`2 `2
biBHH HQQFBM; 7Q`  mMBpQ+H +QMb2MbmbX
LQr r2 +M KF2 b2Mb2 Q7 2[miBQMb UeXjV M/ UeX9V M/ r`Bi2
dfn(∆T,i) = σn(∆T,i) [σn(∆T,i) ·∆T,i + 0, 2108] dt+ σn(∆T,i)dWPn (t)
dfr(∆T,i) = σr(∆T,i) [σr(∆T,i) ·∆T,i − ρr,IσI − 0, 1131] dt+ σr(∆T,i)dWPr (t).
qBi? i?2b2 2pQHmiBQM /vMKB+b r2 bBKmHi2 7`Qr`/ `i2b 7Q` 8Ry /vb 7`QK Jv Rbi- kyR3
iQ T`BH Rji?- kykyX h?2 `2/ HBM2b BM 6B;m`2 eX9 `2 i?2 bBKmHiBQMb Q7 QM2 i`D2+iQ`v 7Q` 2+?
Kim`BivX q2 b22 i?i i?2 KQ/2H `2bQM#Hv KBKB+b i?2 #2?pBQm` Q` 7Q`r`/ `i2b mT iQ Jv
kyR3X >Qr2p2`- QM2 bBKmHiBQM Bb MQi BM7Q`KiBp2 Q7 i?2 i`m2 /2Ti? Q7 i?2 BM}MBi2 i`D2+iQ`v
#mM/H2X aBM+2 bBKmHiBM; i`D2+iQ`B2b Bb  7bi T`Q+2/m`2- r2 `mM 100 000 bBKmHiBQMb 7Q` 2+?
Q7 i?2 i2M `i2b- Q#iBMBM; i2M 510 × 100000 Ki`Bt2b Q7 bBKmHi2/ pHm2bX 6Q` 2+? `i2 r2
#mBH/  [mMiBH2 Ki`Bt- r?2`2 r2 biQ`2 i?2 yXyy8- yX8 M/ yXNN8 [mMiBH2b 7Q` 2+? bBKmHiBQM
ej
/v Qp2` i?2 100 000 bBKmHiBQMbX h?2 /b?2/ #H+F HBM2b /2TB+ib i?2b2 i?`22 [mMiBH2b- Qz2`BM;
2KTB`B+ +QM}/2M+2 BMi2`pHbX q?2M i?2 #Hm2 HBM2b Q7 `2HBb2/ i`D2+iQ`B2b 2t+22/ i?2 /b?2/
#H+F HBM2b- Bi Bb biiBbiB+HHv mM`2bQM#H2 iQ bb2`i i?i mM/2`HvBM; T`K2i2`b Q7 i?2 `2H2pMi
biQ+?biB+ T`Q+2bb2b `2KBM2/ +QMbiMiX AM/22/- `2HBbiBQMb 2t+22/BM; i?2 +QM}/2M+2 BMi2`pH
Kv ?TT2M #mi i?2v `2 2ti`2K2Hv mMHBF2Hv, rBi? NNW Q7 biiBbiB+H +QM}/2M+2 r2 +M bv i?i
bm+? Q#b2`piBQMb 2MiBH  b?`T +?M;2 BM 2pQHmiBQM Tii2`MbX AM Qm` +b2- Q#b2`piBQMb 2t+22/
i?2 mTT2` +QM}/2M+2 BMi2`pH #QmM/, i?mb i?2v +M biBHH #2 i`+2/ #+F iQ T`K2i2`b +HB#`i2/
Qp2` i?2 }`bi bm#@bKTH2- #mi i?2v rQmH/ ?TT2M y-8W Q7 i?2 iBK2b Qp2` 100 000 `2T2iBiBQMbX
h?2 T`2b2Mi bBimiBQM i2+?2b mb i?i BKTQM/2`#H2 b+2M`BQb Kv `2HBb2- #mi BM i?Bb +b2 r2
Kv +QM}/2MiHv /Bb+`/ i?2 TQbbB#BHBiv i?i MQ KDQ` 2MpB`QMK2MiH +?M;2b Q++m``2/ 7i2` Jv
kyR3X
q2 T2`7Q`K i?2 bK2 biiBbiB+H MHvbBb BM MHviB+H i2`KbX AMbi2/ Q7 +QKTmiBM; +QM}/2M+2
BMi2`pHb Qp2` bBKmHiBQM `2bmHib- r2 `2i`B2p2 BMi2`pHb 7`QK i?2 BKTHB2/ MQ`KH /Bbi`B#miBQMb Q7
7Q`r`/ `i2bX AM/22/-
fn(∆T,i, t) = fn(∆T,i, 0) +
∫ t
0







fr(∆T,i, t) = fr(∆T,i, 0) +
∫ t
0








fn(∆T,i, t) ∼ N
[
fn(∆T,i, 0) + σn(∆T,i) [σn(∆T,i) ·∆T,i − φn] · t;σ2n(∆T,i) · t
]
fr(∆T,i, t) ∼ N
[
fr(∆T,i, 0) + σr(∆T,i) [σr(∆T,i) ·∆T,i − ρr,IσI − φr] · t;σ2r(∆T,i) · t
]
.
h?2`27Q`2- i 2+? Q7 i?2 8Ry bBKmHiBQM /vb r2 +QKTmi2 i?2 yXyy8- yX8 M/ yXNN8 [mMiBH2b Q7
i?2 /Bbi`B#miBQM Q7 MQKBMH M/ `2H 7Q`r`/ `i2bX q2 #mBH/ ;BM  510 × 3 [mMiBH2 Ki`Bt-
r?Qb2 pHm2b `2 `2i`B2p2/ MHviB+HHv `i?2` i?M 2KTB`B+HHvX h?2 MHviB+H M/ 2KTB`B+H
+QM}/2M+2 BMi2`pHb HKQbi Ki+?- #2+mb2- #v i?2 Hr Q7 H`;2 MmK#2`b- i?2 T`K2i2`b Q7
i?2 MQ`KH /Bbi`B#miBQMb BKTHB2/ #v i?2 2KTB`B+H bBKmHiBQMb bvKTiQiB+HHv +QMp2`;2 iQ i?2
MHviB+H pHm2bX
Pm` bBKmHiBQMb Qz2`  +H2` 2pB/2M+2X "2ir22M Jv kyR3 M/ CMm`v kyRN- K2/BmK i2`K
`i2b +MMQi #2 +QMbB/2`2/ `2T`2b2MiiBp2 M/ HQM; i2`K `2 p2`v mMHBF2Hv iQ ?p2 #22M `2T`2b2M@
iiBp2X q2 `272` ?2`2 iQ ǳ`2T`2b2MiiBp2M2bbǴ b i?2 2ti2Mi iQ r?B+? `2HBbiBQMb Q7 i?2 `2H2pMi
biQ+?biB+ T`Q+2bb2b +M #2 +QMbB/2`2/ 7i2` Jv kyR3 +Q?2`2Mi rBi? T`2@Jv kyR3 2pQHmiBQMX q2
Q#b2`p2 i?i j@8 v2` M/ 8@Ry v2` #Qi? MQKBMH M/ `2H `i2b b2p2`2Hv T2Fb QmibB/2 i?2 NNX8W
+QM}/2M+2 BMi2`pHX h?Bb BKTHB2b i?i Bi Bb biiBbiB+HHv mM`2bQM#H2 iQ #2HB2p2 i?i i?2 `2HBb2/
e9
i`D2+iQ`B2b `2 +QKTiB#H2 rBi? T`2pBQmb 2pQHmiBQM, bQK2i?BM; ?b +?M;2/ BM i?2 }MM+BH-
2+QMQKB+ M/ TQHBiB+H 2MpB`QMK2MiX Ry@ky v2` M/ ky@jy v2` `i2b `2 bBKBH`Hv T`Q#H2KiB+
#2+mb2 i?2B` `2HBbiBQMb `2 +HQb2bi iQ i?2 +QM}/2M+2 #QmM/ M/ Q7i2M 2t+22/ BiX 1p2M B7 r2
+MMQi bb2`i rBi? NNW +QM}/2M+2 i?i bm+? i`D2+iQ`B2b `2 2ti`M2Qmb- Bi Bb Km+? KQ`2 HBF2Hv
i?i i?2v `2 `i?2` i?M i?2v `2 MQiX GQr2`BM; i?2 biiBbiB+H +QM}/2M+2 BMi2`pH iQ N8W- r2
rQmH/ `2D2+i i?2 ?vTQi?2bBb Q7 +Q?2`2M+2 #2ir22M i?2 irQ i2KTQ`H bKTH2bX y@j v2` `i2b +M
biBHH #2 i`+2/ #+F iQ i?2 T`2pBQmb 2pQHmiBQMX >Qr2p2`- r2 2KT?bBb2 i?i i?2 pQHiBHBiv Q7 i?2b2
b?Q`i@Kim`Biv `i2b ;`2iHv BM+`2b2/X 1bT2+BHHv 7Q` MQKBMH y@j v2` `i2b bQK2 T2Fb ;2i
+HQb2bi iQ i?2 mTT2` +QM}/2M+2 #QmM/- #mi i?Bb 2pB/2M+2 b?HH `2KBM  +Hm2 `i?2` i?M  T`QQ7
Q7 bQK2 2MpB`QMK2MiH KmiiBQMX
q?i i`B;;2`b b?Q`i@Kim`Biv `i2bǶ pQHiBHBiv M/ #QQbib HQM;2`@Kim`Biv `i2b\ q2 #2HB2p2
T`2+`BQmb TQHBiB+H bi#BHBiv- /BbTmi#H2 +`2/B#BHBiv M/ TQQ` HQM;@i2`K pBbBQMX AM/22/- BM i?2
b?Q`i `mM BMbi#BHBiv Dmbi KF2b i?2 }MM+BH 2MpB`QMK2Mi KQ`2 M/ KQ`2 pQHiBH2 M/ mM+2`iBMX
h?2 mM+2`iBMiv- i?2M- T`QT;i2b iQ K2/BmK@i2`K `i2bX AM i?2 K2/BmK `mM i?2 BMbi#BHBiv
i`Mb7Q`Kb BMiQ H+F Q7 bvbi2KB+ `27Q`Kb M/ Qp2`HH T2`7Q`KM+2 M/ +QKT2iBiBp2M2bb /2i2`BQ@
`iBQMX lM+2`iBMiv i2KTQ`HHv T`QT;i2b rBi? BMp2biQ`bǶ #2HB27b M/ 7Q`2+bibX Cmbi b Bi Bb
mMHBF2Hv i?i M i?H2i2 r?Q ?b #22M i`BMBM; M/ T2`7Q`KBM; TQQ`Hv `2+2MiHv rBHH rBM +QK@
T2iBiBQMb BM i?2 M2` 7mim`2- Bi Bb bBKBH`Hv mMHBF2Hv i?i  +QmMi`v- r?Qb2 2t2+miBp2 Bb MQi i
T`2b2Mi BM i?2 TQbBiBQM iQ T`QT2`Hv ;mB/2 Bi- rBHH 2tT2`B2M+2  i?2 7mim`2 bmbiBM#H2 ;`Qri?X
AMp2biQ`bǶ 7Q`2+bib `TB/Hv BM+Q`TQ`i2 i?Bb bBKTH2 T`BM+BTH2 BM i?2 K2/BmK i2`K `i2X Pp2` i?2
HQM; `mM- b?Q`i M/ K2/BmK i2`K BK#HM+2b M/ BMbi#BHBiB2b b?HH #2 ?QT27mHHv `2bQHp2/X GQM;
`mM `i2b /Q BM+`2b2 b QmiHQQFb /2i2`BQ`i2- #mi i?2v /Q MQi 2tTHQ/2 b K2/BmK `i2b /QX h?Bb
Bb M BMbiM+2 Q7 K2M `2p2`bBQM /m2 iQ TQHBiB+H M/ 2+QMQKB+ +v+H2X SbbBM; BMbi#BHBiv +M
Hbi 7Q` b2p2`H KQMi?bX Ai +mb2b im`KQBH BM i?2 b?Q`i `mM- Bi rbi2b QTTQ`imMBiB2b Q7 ;`Qri?
BM i?2 K2/BmK i2`Kb- #mi b?HH #2 `2bQHp2/ M/ +Q``2+i2/ BM i?2 HQM; `mM iQ pQB/ Km+? KQ`2
mMTH2bMi +QMb2[m2M+2bX
eXk AM~iBQM aBKmHiBQM
h?2 bBKmHiBQM M/ MHvbBb Q7 7Q`r`/ `i2b T`Qp2/ i?i i?2 2pQHmiBQM #2ir22M Jv kyR3 M/
Jv kyRN ?/ 2MiBH2/  b?B7i BM mM/2`HvBM; T`K2i2`bX q2 rMi iQ 2biBKi2 i?2 +Qbi Q7 i?Bb
#`mTi +?M;2 BM 2MpB`QMK2MiH +QM/BiBQMbX hQ i?Bb BK- r2 M22/ iQ bBKmHi2 i?2 7mim`2 2pQHmiBQM
Q7 i?2 BM~iBQM BM/2t- bQ i?i r2 +M 2biBKi2 i?2 Qp2`HH +Qbi M2i Q7 i?2 BM~iBQM /2TH2iBM;
2z2+iX Ai Bb FMQrM i?i i?2 ;Qp2`MK2Mi Bib2H7 biBKmHi2/ /m`BM; i?2 dyb M/ 3yb i?2 Qmi#`2F Q7
BM~iBQM- bQ i?i MQKBMH biQ+Fb Q7 /2#i `TB/Hv HQbi pHm2 BM `2H i2`Kb M/ #2+K2 2bB2` iQ
#2 `2TB/X h?Bb Bb BMbiM+2 Bb FMQrM b BM~iBQM it- #2+mb2 i?2 ;Qp2`MK2Mi- biBKmHiBM; i?2
BM+`2b2 Q7 BM~iBQM- BM T`+iB+2 `Bb2b M BKTHB+Bi it Qp2` /2#i ?QH/2`bX am+? +QMi`B#miBQM +M


































































































































































































TvK2Mi M/ Kim`Biv /i2bX Ai Bb +H2` i?i i?2 Q++m``2M+2 r2 `2 MHvbBM; /Q2b MQi Ki+? i?2
i`Bib Q7 BM~iBQM it- #2+mb2 Q7 i?2 p2`v Mim`2 Q7 i?2 BM~iBQM`v T`Q+2bbX Ai Bb BM/22/ bi`B+iHv
bmT2`pBb2/ M/ ;mB/2/ i  +2Mi`HBb2/ H2p2H #v #Qi? 1m`QT2M M/ MiBQMH *2Mi`H "MFbX 1p2M
i?Qm;?  KBH/ BMbiM+2 Q7 /2TH2iBQM BM i?2 `2H pHm2 Q7 /2#ib Q++m`b- Bi ?TT2Mb iQ i?2 bKHH2bi
/2;`22X 6`QK i?2 TQBMi Q7 pB2r Q7  +`2/BiQ` r?Qb2 QMHv bb2ib `2 +`2/Bib iQr`/ i?2 ;Qp2`MK2Mi-
MmHH BM~iBQM Q` 2p2M /2~iBQM Kv /2bB`#H2X >Qr2p2`- Bi Bb +H2` i?i bm+? +QM/BiBQM Bb p2`v
mMTH2bMi M/ ?`K7mH 7Q` i?2 2+QMQKv M/ i?2 MiBQM i ;;`2;i2 H2p2HX 1p2M 7Q` +`2/BiQ`b
KBH/ BM~iBQM Bb TQbbB#Hv #2M2}+BH- #2+mb2 i?2 HQbb BM i?2 `2H pHm2 Q7 i?2B` +`2/Bib Kv #2 Qzb2i
#v i?2 Qp2`HH ;`Qri? Q7 i?2 2+QMQKv- BKTHB2/ #v bm+? M BM~iBQM `i2X h?2`27Q`2- i?2 bBKmHiBQM
Q7 BM~iBQM Bb `2[mB`2/ iQ +QKTmi2  T`2+Bb2 2biBKi2 Q7 i?2 +Qbi- `i?2` i?M bm#biMiBiBM; Mv
BMbiM+2 Q7 BM~iBQM itBM;X AM/22/- KQM; Q#b2`p2/ b2+m`BiB2b bQK2 rBHH #2 7mHHv `2TB/ b 7` b
BM ky8yX 6Q` bm+? #QM/b 2p2M HQr BM~iBQM Mim`HHv 2MiBHb  bm#biMiBH HQbb Q7 `2H pHm2 Qp2`
i?B`iv v2`bX h?Bb Tii2`M Bb +H2` M/ FMQrM iQ #Qi? Bbbm2` M/ bm#b+`B#2`bX
_2+HHBM; 2[miBQM U9XReV- C``Qr M/ uBH/B`BK KQ/2H i?2 2pQHmiBQM Q7 BM~iBQM `i2 i 2+?
iBK2 t rBi? i?2 ;2QK2i`B+ "`QrMBM KQiBQM
dI(t)
I(t)
= [rn(t)− rr(t)]dt+ σIdWQI (t), UeXdV
r?Qb2 /`B7i Bb i?2 /Bz2`2M+2 #2ir22M MQKBMH M/ `2H b?Q`i `i2bX q2 `2 BMi2`2bi2/ BM i?2
`2H@rQ`H/ /vMKB+b 7Q` Qm` bBKmHiBQM Tm`TQb2bX _2+HHBM; ;BM i?2 :B`bMQp i?2Q`2K- bm+?
/vMKB+b `2 ;Bp2M #v
dI(t)
I(t)
= [rn(t)− rr(t)− σIφ(t)]dt+ σIdWPI (t). UeX3V
AM i?2 7QHHQrBM; r2 rBHH rQ`F QM  KQMi?Hv #bBb iQ Ki+? i?2 BM~iBQM /i iBKBM;, dt =
1/12 ≈ 0, 0833X q2 b2H2+i2/ ir2Hp2 #QM/b- r?Qb2 +QmTQMb `2 MQKHQmb +QKT`2/ iQ T`2pBQmb
BbbmM+2b 7Q` ?QKQ;2MQmb Kim`BiB2bX q2 K2M #v ǳMQKHQmbǴ BbbmM+2 i?i i?2 +QmTQM `i2 Bb
bB;MB}+MiHv /Bz2`2Mi U?B;?2` BM Qm` +b2V 7`QK i?2 +QmTQM `i2 Q7 i?2 T`2pBQmb `272`2M+2 BbbmM+2X
6Q` 2tKTH2- i?2 Ry@v2` "hS Bbbm2/ QM J`+? kyRN rBi? MMmH +QmTQM `i2 Q7 jW Bb MQKHQmb
+QKT`2/ iQ i?2 Ry@v2` "hS Bbbm2/ QM 62#`m`v kyR3 rBi? MMmH +QmTQM `i2 Q7 kWX q2 rBHH
//`2bb BM /2iBH i?Bb Bbbm2 BM i?2 M2ti b2+iBQM- MQr r2 Dmbi bv i?i i?2 7m`i?2bi +QmTQM rBHH #2
/m2 QM CMm`v ky8yX h?2`27Q`2- r2 M22/ iQ bBKmHi2 j83 KQMi?Hv Q#b2`piBQMb bi`iBM; 7`QK
J`+? kykyX q2 bi`i #v bBKmHiBM; #Qi? MQKBMH M/ `2H b?Q`i `i2b 7Q` j83 KQMi?b- mbBM;
i?2 T`Q+2/m`2 2tTHBM2/ BM i?2 T`2pBQmb b2+iBQM M/ 2KTHQvBM; T`K2i2`b `2i`B2p2/ 7`QK i?2
+HB#`iBQM QM i?2 `2/m+2/ bKTH2X aBM+2 i?2 MHvbBb T`Qp2/ i?i i?2 2pQHmiBQM #2ir22M Jv
kyR3 M/ Jv kyRN Bb MQKHQmb- r2 /Q MQi rMi Qm` bBKmHiBQM iQ #2 mTr`/Hv #Bb2/ Q` K/2
KQB`2 MQBbv i?M M2+2bb`vX Pm` bBKmHiBQM 2MpB`QMK2Mi i`B2b iQ KBKB+ /vMKB+b Q7 [mB2i M/
T`2/B+i#H2 K`F2i +QM/BiBQMb- FMQrBM; i?i }MM+BH im`KQBH Q7i2M Q++m`b- #mi Kv #2 /B{+mHi
iQ T`2/B+i M/ KQ/2H BM bBx2X ;BM- r2 bi`2bb i?i bBKmHiBQM Q7 `i2b b?B7ib 7`QK  /BHv #bBb
e3
iQ  KQMi?Hv QM2X 6Q` 2+? `i2 r2 `mM 1000 bBKmHiBQMb M/ `2i`B2p2 i?2 `2H2pMi iBK2 b2`B2b b
i?2 K2M Q7 i?2 bBKmHiBQMbX h?2M- r2 +QKTmi2 i?2 KQMi?Hv [mMiBiv ∆rate = rn(t)− rr(t) M/
`2i`B2p2 i?2 K2M Q7 i?2 mM/2`HvBM; MQ`KH /Bbi`B#miBQM- µ∆rate X q2 +QKTmi2 HbQ i?2 K2M Q7
i?2 BKTHB2/ MQ`KH /Bbi`B#miBQM Q7 ∆I(t)I(t)∆t - µ∆I - 7`QK Qm` jj KQMi?Hv Q#b2`piBQMb bTMMBM; 7`QK







= E[rn(t)− rr(t)− σIφ]
µ∆I = µ∆rate − σIφ.





M/ r2 +M mb2 i?2 `2H@rQ`H/ /vMKB+b iQ bBKmHi2 BM~iBQM,
dI(t)
I(t)
= [rn(t)− rr(t) + 2, 6848σI ]dt+ σIdWPI (t).
eXj *Qbi 1biBKiBQM
q2 MQiB+2 i?i i?2 BM+`2b2 BM 7Q`r`/ `i2b Bb Ki+?2/ #v  `Bb2 BM +QmTQM `i2b `2;`/H2bb
Q7 Kim`BivX Ai b22Kb bi`B;?i7Q`r`/ iQ bbmK2 i?i 7Q`r`/ `i2b- b [mMiBiiBp2 BM/B+iQ`b
Q7 K`F2i b2MiBK2Mi M/ 7Q`2+bib- bm#biMiBHHv /2i2`KBM2 i?2 bBx2 Q7 +QmTQM `i2bX AM/22/-
r?2M BMi2`2bi `i2b `2 HQr- i?2 K`F2i Bb 2tT`2bbBM; +QM}/2M+2 M/ QTiBKBbK rBi? `2bT2+i iQ
i?2 7mim`2 T2`7Q`KM+2 Q7  +QmMi`vX 6Q`2+bib Q7 bQmM/ ;`Qri? M/ TQHBiB+H bi#BHBiv KF2
BMp2biQ`b QTiBKBbiB+ `2;`/BM;  +QmMi`vǶb QmiHQQF- r?Qb2 `BbF Q7 /27mHi HQr2`bX AMp2biQ`b `2
rBHHBM; iQ +FMQrH2/;2 ?B;?2` [mQiiBQMb 7Q` b2+m`BiB2b i?2v #2HB2p2 `2 b72`X q2 FMQr i?i
?B;?2` T`B+2b K2M HQr2` vB2H/b M/ BKTHv HQr2` BMi2`2bi `i2bX h?2`27Q`2- i?2 KQ`2 TQbBiBp2
K`F2i b2MiBK2Mi rBi? `2bT2+i iQ  +QmMi`vǶb 7mim`2 2pQHmiBQM Bb- i?2 HQr2` BKTHB2/ BMi2`2bi `i2b
rBHH #2X b i?Bb +?BM Q7 +mbH HBMFb b?Qrb- BMi2`2bi `i2b `2 T`QtB2b Q7 K`F2i b2MiBK2MiX q?2M
`i2b `2 HQr- i?2`2 Bb MQ M22/ 7Q` i?2 Bbbm2` iQ Qz2` ?B;?2` +QKT2MbiBQM iQ H2M/2`b BM i?2 7Q`K
Q7 ?B;?2` +QmTQM `i2bX h?2 miBHBiv 7mM+iBQM Q7 M Bbbm2` Bb +2`iBMHv /2+`2bBM; BM +QmTQM `i2b-
i?2`27Q`2 Bbbm2`b `2 rBHHBM; iQ +FMQrH2/;2 ?B;?2` +QmTQM `i2b QMHv r?2M Bi Bb M2+2bb`v 7Q` i?2B`
b2+m`Biv iQ #2 bm#b+`B#2/X 6B;m`2 eXe b?Qrb i?i- 7i2` i?2 T2F Q7 i?2 kyRk }MM+BH im`KQBH- 
M2r rp2 Q7 i2MbBQM ?Bi i?2 K`F2i #2ir22M i?2 2M/ Q7 kyRe M/ i?2 }`bi ?H7 Q7 kyRN- H#2Bi rBi?
HQr2` b2p2`BivX h?Bb b2+QM/ rp2 Bb +?`+i2`Bb2/ #v  }`bi BM+`2b2 i i?2 #2;BMMBM; Q7 kyRd- #mi
i?2 KDQ` DmKT Q++m``2/ #2ir22M Jv kyR3 M/ Jv kyRN- r?B+? Bb T`2+Bb2Hv i?2 iBK2 rBM/Qr
BM r?B+? 7Q`r`/ `i2b BM+`2b2/ r2HH Qp2` i?2 +QM}/2M+2 BMi2`pHb Q7 Qm` bBKmHiBQMbX
eN
6B;m`2 eX8, AM #H+F >A*S 7`QK a2T@kyR8 iQ Jv@kyR3- BM `2/ i?2 K2M Q7 Ryyy 7mim`2 >A*S
bBKmHiBQMbX q2 QKBi +QM}/2M+2 BMi2`pHb- #2+mb2 i?2v `2 +HQb2bi iQ i?2 K2M i`D2+iQ`v M/
KF2 Bi mM/BbiBM;mBb?#H2X h?2 bBKmHiBQM BKTHB2b M p2`;2 MMmH BM~iBQM `i2 Q7 R-9eW-
r?B+? Bb  +`2/B#H2 7Q`2+bi pHm2 M2`2bi iQ i?2 kW i`;2i Q7 i?2 1m`QT2M *2Mi`H "MFX q2
+FMQrH2/;2 i?i i?Bb bBKmHiBQM `mMb 7` BM i?2 7mim`2- `2HvBM; QM  HBKBi2/ MmK#2` Q7 Q#b2`p@
iBQMb 7Q` +HB#`iBQM Tm`TQb2bX >Qr2p2`- i?2 BM~iBQM`v T`Q+2bb ?b #22M Qp2`HH bi#H2 7Q` i?2
Hbi irQ /2+/2b M/ i?Bb bBKmHiBQM b22Kb +QMpBM+BM;X
q2 rMi iQ 2biBKi2 i?2 +Qbi BM+m``2/ #v i?2 AiHBM }MM+2b b  `2bmHi Q7 i?2 `Bb2 Q7 +QmTQM
`i2bX hQ i?Bb BK- r2 b2H2+i2/ "hS Bbbm2/ #2ir22M Jv kyR3 M/ Jv kyRN- r?Qb2 +QmTQM `i2b
r2`2 ?B;?2` i?M i?2 QM2b Q7 i?2 T`2pBQmb BbbmM+2 7Q` ?QKQ;2MQmb Kim`BivX h?2b2 b2H2+iBQM
+`Bi2`B B/2MiB}2b Rk #QM/b- +Qp2`BM; 2p2`v biM/`/ Kim`Biv #2ir22M j M/ jy v2`bX q2
+QM/m+i i?Bb MHvbBb QMHv 7Q` "hSb- #2+mb2 MQM2 Q7 i?2 "hSīBb Ki+?2/ Qm` b2H2+iBQM +`Bi2`BX
q2 TB`2/ 2+? b2H2+i2/ #QM/ rBi? Bib `272`2M+2 b2+m`Biv- i?i Bb i?2 }`bi #QM/ rBi? i?2 bK2
Kim`Biv Bbbm2/ #27Q`2 Jv kyR3X h?2M- r2 +QKTmi2/ i?2 /Bz2`2MiBH #2ir22M i?2 irQ +QmTQM
`i2b M/ KmHiBTHB2/ bm+? pHm2 #v i?2 BbbmM+2 KQmMi Q7 i?2 #QM/ mM/2` +QMbB/2`iBQMX q2
b?HH +H`B7v i?2 T`Q+2/m`2 rBi? M 2tKTH2 `2;`/BM; Ry@v2` "hSbX P7 i?2 7Qm`i22M b2+m`BiB2b
pBH#H2 7Q` i?Bb Kim`Biv- r2 b2H2+i2/ irQ Q7 i?2K Bbbm2/ `2bT2+iBp2Hv QM m;mbi kyR3 M/
J`+? kyRN rBi? MMmH +QmTQM `i2 Q7 k-3W M/ jWX q2 +?Qb2 b `272`2M+2 #QM/ i?2 }`bi
#QM/ Bbbm2/ #27Q`2 Jv kyR3- MK2Hv i?2 Ry@v2` "hS Bbbm2/ QM 62#`m`v kyR3 rBi? MMmH
+QmTQM `i2 Q7 kWX h?2`27Q`2- i?2 MMmH +QmTQM /Bz2`2MiBH Bb `2bT2+iBp2Hv y-3W M/ RWX h?2b2
#QM/b r2`2 Bbbm2/ 7Q` īky-d8y #BHHBQMb M/ īkR-3NN #BHHBQMbX h?2`27Q`2- 2p2`v bBt KQMi?b `Qm;?Hv
dy
6B;m`2 eXe, *QmTQM `i2b Q7 i?2 7Qm`i22M Ry@v2` "hSb i`/2/ QM R9@T`@kykyX q2 MQiB+2 i?i
i?2 +QmTQM `i2 T2F2/ BM kyRk /m`BM; i?2 b2+QM/ rp2 Q7 }MM+BH +`BbBb- #27Q`2 bi`iBM; iQ
/2+`2b2 bi2/BHv b K`F2i +QM/BiBQMb #2+K2 +HK2`X h?2 `i2 BM+`2b2/ ;BM 7i2` kyRd BM
i?`22 KDQ` bi2Tb mT iQ i?2 }`bi ?H7 kyRNX 6BMHHv- i?2 `i2 /`QT iQ KBMBKmK H2p2HbX h?Bb
Tii2`M Bb `2T`2b2MiiBp2 Q7 i?2 2pQHmiBQM Q7 +QmTQM `i2b 7Q` b2+m`BiB2b rBi? /Bz2`2Mi Kim`BivX
ī83 ·106YīRyN-8·1064ī192, 5 ·106 `2 bT2Mi BM 2t+2bb Qp2` `272`2M+2 BMi2`2bi /m2 TvK2MibX h?Bb
Bb i?2 +Qbi Q7 i?2 TQbBiBp2 /Bz2`2MiBH #2ir22M i?2 irQ b2+m`BiB2b M/ i?2 `272`2M+2 #QM/X A7 i?2
+QmTQM `i2 `2KBM2/ +QMbiMi i kW- b2KBMMmH +QmTQM TvK2Mib 7Q` i?2 irQ "hSb rQmH/
KQmMi iQ ī426, 5 · 106- #mi i?2 BM+`2b2 BM +QmTQM `i2b #`Qm;?i i?2 };m`2 iQ HKQbi ī620 · 106X
q2 T2`7Q`K i?2b2 +QKTmiiBQMb 7Q` 2+? Q7 i?2 ir2Hp2 #QM/b b2H2+i2/ M/ Q#iBM2/  bi`2K Q7
+b? ~Qrb iQ #2 TB/ BM ǳ2t+2bbǴX LQr r2 Kmbi bi`2bb i?i bm+? TvK2Mib rBHH #2 /m2 i /Bz2`2Mi
iBK2b BM i?2 7mim`2X 6Q` 2tKTH2- i?2 jy@v2` #QM/ b2H2+i2/ rBHH ?p2 Bib Hbi +QmTQM TB/ QM
kk@CM@ky8yX >2M+2- +QMD2+im`BM;  +QMbiMi MMmH BM~iBQM `i2 Q7 kW 7Q` jy v2`b- i?Bb +QmTQM
TvK2Mi rBHH #2 rQ`i? BM `2H i2`K `Qm;?Hv 88W Q7 Bib MQKBMH pHm2X 6Q` i?Bb `2bQM- r2 ?p2
iQ /Bb+QmMi i?2 BKT+i Q7 BM~iBQM QM i?2 MQKBMH pHm2 Q7 +QmTQM TvK2MibX hQ i?Bb 2ti2Mi-
r2 2KTHQv2/ i?2 BM~iBQM ?BbiQ`B+H M/ bBKmHi2/ /i- b T`2pBQmbHv Q#iBM2/ Ub22 6B;m`2 eX8VX
q2 +QKTmi2/ i?2 +QmTQM TvK2Mi /i2b 7Q` 2+? b2H2+i2/ #QM/- i?2M r2 Ki+?2/ i?2 /i2b rBi?
i?2 /m2 /Bz2`2MiBH KQmMib M/ }MHHv r2 /BpB/2/ bm+? KQmMi #v  `2pHmiBQM +Q2{+B2Mi-
RCCD,iX LK2Hv- r2 iQQF b `272`2M+2 i?2 AM~iBQM AM/2t pHm2 7Q` J`+? kyky M/ +QKTmi2 i?2
dR
+Q2{+B2Mi b i?2 `iBQ #2ir22M i?2 pHm2 Q7 i?2 BM/2t i +QmTQM TvK2Mi /i2 M/ i?2 `272`2M+2
pHm2, RCCD,i = ICD,iIJ`+? 2020 X
q2 `2TQ`i i?2 +Qbi 2biBKiBQM i J`+? kyky T`B+2b- T2`7Q`K2/ b 2tTHBM2/ rBi? /Bz2`2Mi
b2i Q7 T`K2i2`b M/ pHm2b Q7 σI X S`K2i2`b +HB#`i2/ QM i?2 `2/m+2/ bKTH2 vB2H/ bHB;?iHv
bKHH2` BM~iBQM 2biBKiBQMb i?M T`K2i2`b +HB#`i2/ QM 7mHH bKTH2 /QX h?2 #B;;2` σI - i?2
;`2i2` i?2 /2TH2iBM; BKT+i Q7 BM~iBQMX Pp2`HH- 2biBKi2b `2KBM `i?2` +QMbiMi,  pHm2 Q7
σI i?`22 iBK2 b #B; b i?2 Q`B;BMH `2/m+2b i?2 +Qbi 2biBKiBQM #v y-yk9W M/ y-ykkW 7Q` i?2





_2/m+2/ *HB#`iBQM 13 142 519 880 13 143 314 253 13 140 933 863 13 139 349 240
6mHH *HB#`iBQM 13 107 026 028 13 107 757 200 13 105 561 331 13 104 099 390
h?Bb MHvbBb b?Qrb i?i Qp2` i?2 M2ti i?B`iv v2`b R9 #BHHBQMb rBHH #2 /m2 BM MQKBMH i2`Kb
Q` Rj-R #BHHBQMb i J`+? kyky T`B+2bX q2 +HH i?Bb KQmMi ǳ2t+2bb BMi2`2bi bT2M/BM;Ǵ- #2+mb2 Bi
`2T`2b2Mib r?i Kmbi #2 TB/ BM //BiBQM iQ i?2 H`2/v ?2pB2bi #m`/2M Q7 BMi2`2bi TvK2MibX
h?2 Tm#HB+ /2#i KQmMi iQ HKQbi Rj8W Q7 i?2 AiHBM :.S M/ `2[mB`2/ īej-N39 #BHHBQMb iQ
+Qp2` BMi2`2bi /m2 QM kyRNRX h?2b2 };m`2b b?Qr i?2 /2Ti? M/ ?`K7mHM2bb Q7 i?2 /2#i T`Q#H2KX
>m;2 KQmMib Q7 itTv2` +QMi`B#miBQMb Kmbi #2 /Bp2`i2/ 7`QK BMp2biK2Mib M/ r2H7`2 bm#bB/B2b
iQ i?2 K2`2 M/ BKT2HH2Mi `2TvK2Mi Q7 /2#i Q#HB;iBQMbX q2 2biBKi2/ i?2 +Qbi Q7 i?2 `Bb2
BM +QmTQM `i2b- r?B+? r2 #2HB2p2 rb /m2 iQ i?2 TQHBiB+H bi`m;;H2 AiHv 7+2/ /m`BM; i?2 }`bi
2t2+miBp2 H2/ #v :Bmb2TT2 *QMi2X b };m`2 eXe b?Qrb- i?Bb TQHBiB+H BKTbb2- BM +QMM2+iBQM
rBi?  bi;MiBM; 2+QMQKB+ +QMDmM+im`2- ?/  M2;iBp2- H#2Bi `2bi`BM2/- 2z2+iX u2i- Bi rBHH
+Qbi AiHBM itTv2`b KQ`2 i?M i?B`i22M #BHHBQMb i J`+? kyky T`B+2b Qp2` v2`bX q2 F2Ti
i?2 2biBKi2 +QMb2`piBp2 +QKTmiBM; /Bz2`2MiBH +QmTQMb rBi? `2bT2+i iQ i?2 p2`v T`2pBQmb /2#i
BbbmM+2 `i?2` i?M HQr2bi@+QmTQM BbbmM+2bX q2 +M QMHv BK;BM2 i?2 2t+2bb +Qbib T`2pBQmbHv
BM+m``2/- #2+mb2 Q7 TQQ` 2+QMQKB+ M/ TQHBiB+H KM;2K2MiX b 6B;m`2 eXd b?Qrb- i?2 p2`;2
r2B;?i2/ +Qbi Q7 BMi2`2bi TvK2Mib ?Bi ?BbiQ`B+H KBMBKmKb Qp2` i?2 Hbi }p2 v2`b- i?mb #`BM;BM;
/QrM i?2 M2;iBp2 BKT+i Q7 BMi2`2bi `i2 `Bb2 QM  Km+? bKHH2` b+H2X AMi2`2bi `i2b `2 F2Ti i
HQr2bi H2p2H- Q7i2M M2;iBp2- #v i?2 2tTMbBp2 KQM2i`v TQHB+B2b Q7 i?2 1m`QT2M *2Mi`H "MF-
bi`i2/ rBi? i?2 ZmMiBiiBp2 1bBM;X am+? TQHB+B2b rBHH +2b2 bQQM2` Q` Hi2` M/ i?2 +Qbi Q7
BM/2#i2/M2bb rBHH DmKT ;BM iQ Km+? ?B;?2` H2p2HbX q2 br r?i BKT+i 2p2M i?2 bKHH2bi
p`BiBQM BM BMi2`2bi M/ +QmTQM `i2b Kv ?p2- r?2M KM;BM; TQQH Q7 b2+m`BiB2b rQ`i? i2Mb
Q7 #BHHBQMbX h?2 `2bQm`+2b rbi2/ Qp2` i?2 T`2pBQmb irQ /2+/2b Kmbi ?p2 #22M mM++2Ti#Hv
H`;2X
h?2 KBM +mb2 Q7 i?2 `2+2Mi BM+`2b2 BM 7Q`r`/ `i2b rb TQHBiB+H BMbi#BHBivX 1p2M i?Qm;?
R.Q+mK2MiQ /B 1+QMQKB 2 6BMMx kyRN- .Q+X GoAA- MXk- T;2 9k
dk
6B;m`2 eXd, h`2M/ Q7 i?2 p2`;2 BMi2`2bi `i2 Q7 ;Qp2`MK2Mi #QM/b +QKTmi2/ QM i?2 #bBb Q7 i?2
;`Qbb vB2H/b i BbbmM+2 7Q` i?2 b2+m`BiB2b Bbbm2/ /m`BM;  bBM;H2 v2`X aQm`+2, JBMBbi2`Q 1+QMQKB
2 6BMMxX
i?2 ;HQ#H 2+QMQKv ?/ MQi #22M 2tT2`B2M+BM;  7mHHv@2tTMbBp2 T?b2 7Q` HKQbi  /2+/2-
MQ KDQ` +`BbBb Q` }MM+BH im`KQBH rb `2;Bbi2`2/ 7`QK kyRe QMr`/bX h?2 Aahh 2+QMQKB+
i`2M/ b2+iBQMk ;i?2`b BM/B+iQ`b iQ bb2b i?2 2pQHmiBQM Q7 AiHBM 2+QMQKvX JMv BM/B+iQ`b
`2KBM2/ bi#H2 Q` KBH/Hv BKT`Qp2/ 7`QK kyRd QMr`/bX h?2`27Q`2- AiHv rb 2tT2`B2M+BM; 
T2`BQ/ Q7 KQ/2bi Q` MmHH ;`Qri?- r?B+? +MMQi 2tTHBM i?2 #`mTi DmKT Q7 BMi2`2bi `i2bX b
i?2 T`2pBQmb MHvbBb b?Qrb- i?Bb b?B7i Bb MQi +QKTiB#H2 rBi? i?2 2pQHmiBQM Q#b2`p2/ 7`QK kyR8
QMr`/bX aQK2i?BM; i 2MpB`QMK2MiH H2p2H /22THv +?M;2/ /m`BM; kyR3X b 2+QMQKB+ 7+iQ`b
`2 /Bb+`/2/- r2 7QmM/  KDQ` TQHBiB+H #`2F 7i2` i?2 2H2+iBQMb ?2H/ QM J`+? 9i?- kyR3X h?2
TQHBiB+H bi`m;;H2 i?i 7QHHQr2/ Bb T2`72+iHv +QKTiB#BH2 rBi? i?2 BMp2`bBQM Q7 i2M/2M+v b?Qr2/ BM
}MM+BH /iX M 2t2+miBp2 rBi?  KQbi /B{+mHi ;2biiBQM- TQHBiB+HHv r2F M/ i?mb 7Q+mb2/
KQ`2 QM TQHBiB+H KMQ2mp`2b i?M QM `27Q`Kb Bb  bmBi#H2 #H2M/ iQ 2tTHBM i?2 #`mTi BM+`2b2
BM pQHiBHBiv M/ pHm2 Q7 BMi2`2bi `i2bX
PM 62#`m`v Rki? kyRN- "2H;BM TQHBiB+BM :mv o2`?Q7bi/i /2+H`2/ /m`BM; ?Bb bT22+? i i?2
1m`Q@S`HBK2Mi ĿA rQM/2` ?Qr Km+? HQM;2` vQm (AiHBM S`BK2 JBMBbi2` :Bmb2TT2 *QMi2) rBHH #2
i?2 TmTT2i KQp2/ #v aHpBMB M/ .B JBQX (Ę) h?Bb #2miB7mH +QmMi`v (AiHv) ?b #2+QK2- 7`QK 
+QMpBM+2/ /272M/2` Q7 1m`QT2-  H;;`/ BM i?2 lMBQMŀX am+? T`QMQmM+2K2Mi H+Fb Mv BMbiM+2
Q7 2H2;M+2- #mi +vMB+HHv /2TB+ib ?Qr i?2 AiHBM TQHBiB+H M/ 2+QMQKB+H bBimiBQM ?p2 #22M
T2`+2Bp2/ Qp2` i?2 Hbi ir2Miv v2`b QmibB/2 AiHBM #Q`/2`bX A7 AiHv Kmbi THv i?2 ?`K7mH ;K2
Q7 BM/2#i2/M2bb- Bi Kmbi /?2`2 b Km+? b TQbbB#H2 iQ Bib `mH2b iQ HBKBi mMTH2bMi b+`bX h?Bb
K2Mb +QMpBM+BM; M/ T`QpBM; i?2 K`F2i i?i AiHv ?b i?2 rBHHBM;M2bb- i?2 ?mKM `2bQm`+2b
M/ i?2 i2+?MQHQ;B+H K2Mb- b Bi /Q2b- iQ 2t+2H i ;HQ#H H2p2H M/ 2Mbm`2 `2;mH` 7mH}HK2Mi
k?iiTb,ffrrrXBbiiXBif2Mf2+QMQKB+@i`2M/b
dj
Q7 Bib Q#HB;iBQMbX Ai Bb QMHv rBi? pB`imQmb M/ `B;Q`Qmb TQHB+B2b- TQbbB#Hv mM+QK7Q`i#H2 BM i?2
T`2b2Mi #mi 2z2+iBp2 BM i?2 7mim`2- i?i i?2 QTT`2bbBp2 /2#i #m`/2M Kv #2+QK2 HB;?i2` M/
HB;?i2`X "2H;BmK `2/m+2/ Bib .2#if:.S `iBQ 7`QK RjRW iQ RyyW Qp2` i?2 Hbi ir2Miv v2`b
M/ rb #H2 iQ 7`22 bm#biMiBH `2bQm`+2b iQ #QQbi Bib /2p2HQTK2MiX h?Bb +b2 bim/v b?HH b2`p2
b biBKmHmb iQ #2HB2p2 i?i bm+?  ;QH +M M/ Kmbi #2 +?B2p2/X h?2 TQHBiB+H BKTbb2 r2
?B;?HB;?i2/ ?/ KBMQ` +QMb2[m2M+2b- +QKT`2/ iQ i?2 /22T /`QTb 2tT2`B2M+2/ 7i2` i?2 }MM+BH
+`BbBbX h?2 rbi2 Q7 `2bQm`+2b r2 2biBKi2/ rb H`;2- #mi i?2 rbi2 Kmbi ?p2 #22M Km+?
#B;;2` /m`BM; T`2pBQmb im`KQBHbX Pm` MHvbBb b?HH ;Bp2 M 2tKTH2 Q7 i?2 /vMKB+b M/ Q7 i?2
bBx2 Q7 biF2b i THvX Ai Bb BM i?2 BMi2`2bi Q7 2p2`v itTv2` iQ FMQr r?i b?2 rBHH #2 TvBM;
7Q`X _2+Q;MBbBM; M/ mM/2`biM/BM; i?2 T`Q#H2K Bb i?2 }`bi bi2T iQ /2KM/ M/ b22F T`QT2`
2t2+miBp2b- #H2 M/ rBHHBM; iQ Qp2`+QK2 BiX h?2 KQbi T`2+BQmb H2;+v ;2M2`iBQMb +M H2p2 iQ
i?2B` ?2B`b Bb i?2 TQbbB#BHBiv iQ `mM b 7bi b TQbbB#H2 iQr`/ bmbiBM#H2 ;`Qri? M/ /2p2HQTK2Mi,



















































































































































































































































































































































































































































































































































































q2 /BpB/2/ i?2 i?2bBb BM i?`22 K+`Q@b2+iBQMbX h?2v HH BK i i?2 KQ/2HHBM; Q7 BM~iBQM- #mi
2+? /2Hb rBi? Bi 7`QK  /Bz2`2Mi TQBMi Q7 pB2rX AM/22/- i?2 Ti? r2 7QHHQr2/ `2[mB`2/ i?`22
KDQ` bi;2b, HvBM; i?2 i?2Q`2iB+H 7QmM/iBQMb- +?QQbBM; i?2 KQ/2HHBM; 7`K2rQ`F- TTHvBM;
i?2 +?Qb2M 7`K2rQ`F iQ i?2 AiHBM +b2X
h?2 }`bi K+`Q@b2+iBQM BM+Q`TQ`i2b i?2 }`bi i?`22 +?Ti2`bX Ai +QMbiBimi2b  i?2Q`2iB+H
bmKK`v Q7 i?2 +QM+2Tib M/ i2+?MB[m2b M22/2/ 7Q` T`QT2` KQ/2HHBM; Q7 BM~iBQMX *?Ti2` QM2
`2+TBimHi2b i?2 7QmM/iBQMb Q7 BMi2`2bi `i2 i2`K bi`m+im`2 KQ/2HHBM;X *?Ti2` irQ T`2b2Mib
BM /2iBH i?`22 +QKKQM }MM+BH BMbi`mK2Mib- i`/2/ BM i?2 K`F2i iQ +QmMi2`+i i?2 2z2+i Q7
BM~iBQMX *?Ti2` i?`22 bvMi?2bBb2b bQK2 T`QKBM2Mi +QMi`B#miBQMb iQ i?2 HBi2`im`2 `2;`/BM;
BMi2`2bi `i2 M/ BM~iBQM `i2 KQ/2HHBM;X h?2 b2+QM/ K+`Q@b2+iBQM Bb i?2 bKHH2bi BM bBx2- #mi
biBHH Bb KQbi BKTQ`iMiX AM +?Ti2` 7Qm` r2 i?Q`Qm;?Hv /2b+`B#2 i?2 >mHH@q?Bi2 M/ C``Qr@
uBH/B`BK KQ/2Hb 7`QK M MHviB+H TQBMi pB2rX h?Bb /Bb+mbbBQM Bb +2Mi`H- #2+mb2 r2 +?Qb2 iQ
#mBH/ Qm` KQ/2HHBM; 7`K2rQ`F `QmM/ i?2b2 irQ KQ/2Hb 7QHHQrBM; i?2 2tKTH2 Q7 UC``Qr 
uBH/B`BK- kyyjVX h?2 i?B`/ K+`Q@b2+iBQM TTHB2b i?2 i?2Q`2iB+H #+F;`QmM/ r2 T`2b2Mi2/ iQ i?2
AiHBM +b2X AM +?Ti2` }p2 i?2 KQ/2HHBM; 7`K2rQ`F Bb +HB#`i2/ iQ `2H@rQ`H/ AiHBM /iX AM
+?Ti2` bBt r2 KF2 mb2 Q7 i?2 +HB#`i2/ KQ/2H iQ /`r 2pB/2M+2b- +QM+HmbBQMb M/ 2biBKi2b
`2;`/BM; i?2 +Qbi Q7 i?2 AiHBM Tm#HB+ /2#i i?Qm;? i?2 MHvbBb Q7 BMi2`2bi `i2bX
h?2 KBM +QMi`B#miBQM Q7 i?Bb i?2bBb HB2b BM i?2 rBHHBM;M2bb iQ bim/v i?2 AiHBM +b2X AM/22/-
i?2 C``Qr@uBH/B`BK KQ/2H ?b ;BM2/ bm#biMiBH T`QKBM2M+2 7Q` i?2 Hbi irQ /2+/2bX Aib
`Q#mbiM2bb M/ bi`B;?i7Q`r`/M2bb KQ`2 i?M +QKT2Mbi2 i?2 /`r#+Fb KQ`2 `2+2Mi rQ`Fb
i`v iQ K2M/X >Qr2p2`- +QMi`B#miBQMb iQ i?2 HBi2`im`2 ivTB+HHv T2`7Q`K i?2 TTHB+iBQM Q7
i?2Q`2iB+H }M/BM;b iQ i?2 K2`B+M +b2- T`iHv 7Q`  bmT2`BQ` /i pBH#BHBivX AM/22/- /i
`2i`B2pH 7Q` AiHBM ;Qp2`MK2Mi b2+m`BiB2b T`Qp2/ iQ #2 bHB;?iHv KQ`2 H#Q`BQmb- #mi i?2 2zQ`i
rb r2HH rQ`i?X h?2 TTHB+iBQM iQ AiHBM /i /Bb+HQb2/ bm`T`BbBM;Hv BMi2`2biBM; 2pB/2M+2bX
JQ`2 bT2+B}+HHv- i?Bb MHvbBb b?Qrb i?i BMp2biQ`b `2 p2`v b2MbBiBp2 iQ TQHBiB+H M/ 2+QMQKB+
QmiHQQFbX AM +?Ti2` }p2 r2 `2i`B2p2/ BMi2`2bi `i2b BKTHB2/ #v T`B+2b Q7 AiHBM #QM/b M/ r2
MQi2/ i?i `i2b `Qb2 M/ #2+K2 KQ`2 pQHiBH2 #2ir22M Jv@kyR3 M/ Jv@kyRNX h?Bb BM+`2b2
T`Qp2/ iQ #2 [mBi2 b?`T M/ #`mTi- +QKT`2/ iQ i?2 T`2pBQmb bKQQi? 2pQHmiBQMX h?2 b2+QM/
rp2 Q7 i?2 }MM+BH +`BbBb ?Bi i?2 K`F2ib `QmM/ kyRk M/ Tmi b2`BQmb T`2bbm`2 QM 1m`QT2M
de
+QmMi`B2b rBi? ?B;?2` /2#i #m`/2MbX 6B;m`2 eXd b?Qrb i?i AiHv bmz2`2/  ?B;?2` +Qbi Q7 Tm#HB+
/2#i /m`BM; i?Bb T2`BQ/ Q7 }MM+BH i2MbBQMX h?2M- i?2 bBimiBQM ;`/mHHv bi#BHBb2/ M/ vB2H/b
Q7 ;Qp2`MK2Mi b2+m`BiB2b- b T`2+Bb2 BM/B+iQ`b Q7 i?2 ?2Hi? Q7 +QmMi`v- /2+`2b2/ M/ `2KBM2/
[mBi2 bi#H2X q2 Kmbi TQBMi Qmi i?i BMi2`2bi `i2b ?p2 #22M F2Ti /2T`2bb2/ bBM+2 i?2 1m`QT2M
*2Mi`H "MF bi`i2/ i?2 ZmMiBiiBp2 1bBM; T`Q;`K BM kyR8X 1*" ?b #22M #mvBM; KbbBp2
KQmMib Q7 Tm#HB+ /2#i iQ BMD2+i HB[mB/Biv BM i?2 bvbi2K M/ F22T Bi bi#H2X AM i?Bb 2MpB`QMK2MiH
b2iiBM; i?2 #`mTi BM+`2b2 b22K2/ [mBi2 KBbb M/ r2 /2+B/2/ iQ BMp2biB;i2 Bib +?`+i2`BbiB+b
M/ +mb2bX
_2HvBM; QM i?2 C``Qr@uBH/B`BK KQ/2H- r2 +HB#`i2/ Qm` 7`K2rQ`F QM Q#b2`piBQMb #2ir22M
T`@kyR8 M/ Jv@kyR3X Pm` ;QH rb iQ /2i2`KBM2 B7 i?2 2pQHmiBQM BM i?2 ?B;?HB;?i2/ iBK2
rBM/Qr +QmH/ ?p2 #22M +QKTiB#BH2 rBi? i?2 T`2pBQmb bKQQi? 2pQHmiBQMX *HB#`iBQM QM i?Bb
`2/m+2/ /ib2i Q7 Q#b2`piBQMb- r?B+? r2 iQQF b #2M+?K`F 7Q` bi#BHBiv `QmM/ HQr2` pHm2b-
;2M2`i2/ bBKmHi2/ 2pQHmiBQMb- r?B+? b?QmH/ b?`2 QM p2`;2 i?2 bK2 bi#H2 #2?pBQm`X qBi?
bQHB/ biiBbiB+H +QM}/2M+2- r2 `2D2+i2/ i?2 ?vTQi?2bBb i?i 2pQHmiBQM #2ir22M Jv@kyR3 M/
Jv@kyRN ?/ #22M +QKTiB#BH2 rBi? i?2 T`2pBQmb `2HBbiBQMbX aQK2i?BM; +?M;2/ i  +Q`2
H2p2H M/ i?2 +?M;2 T2`bBbi2/ 7Q` `Qm;?Hv  v2`X
q2 HQQF2/ 7Q` i?2 TQbbB#H2 +mb2b Q7 bm+? +?M;2 BM irQ /B`2+iBQMb, 2+QMQKB+ M/ BMbiBimiBQMHX
h?2 MHvbBb Q7 ;;`2;i2 BM/B+iQ`b 7Q` i?2 AiHBM 2+QMQKv b?Qr2/ i?i MQ KDQ` 2+QMQKB+ im`@
KQBH Q++m``2/, i?2 2+QMQKB+ bBimiBQM /B/ MQi rQ`b2M b i?2 `Bb2 BM `i2b bm;;2bi2/X AM/B+iQ`b
`2KBM2/ Qp2`HH `i?2` bi#H2- rBi? i?2 2t+2TiBQM Q7 #mbBM2bb +QM}/2M+2 BM/B+iQ`b- r?B+? /2@
+`2b2/ Ub22 6B;m`2 eXkVX 1+QMQKB+ b2MiBK2Mi BM/B+iQ`b +i2/ b HBMF #2ir22M i?2 2+QMQKB+ M/
BMbiBimiBQMH bB/2X AM/22/- i?2 `2/m+iBQM BM #mbBM2bb +QM}/2M+2 +QmH/ MQi ?p2 #22M /`Bp2M #v 
bi#H2 2+QMQKB+ QmiHQQF- #mi `i?2` #v  imKmHimQmb BMbiBimiBQMH bBimiBQMX 7i2` 2H2+iBQMb QM
J`+? kyR3- i?2 AiHBM 2t2+miBp2 7+2/  p2`v iQ`imQmb ;2biiBQM mMiBH CmM2 kyR3X h?2 bm#b2@
[m2Mi 2pQHmiBQM T`Qp2/ iQ #2 b Km+? +QMi`Qp2`bBH M/ i?Bb 2t2+miBp2 bm`pBp2/ mMiBH a2Ti2K#2`
kyRNX h?Bb iBK2 rBM/Qr Ki+?2b i?2 T2`BQ/ BM r?B+? BMi2`2bi `i2b `Qb2X Ai Ki+?2b HbQ i?2
rv BM r?B+? BMi2`2bi `i2b BM+`2b2/, b?Q`i i2`K `i2b #2+K2 KQ`2 pQHiBH2- K2/BmK i2`K
`i2b DmKT2/ M/ HQM; i2`K `i2b KBH/Hv BM+`2b2/X SQHBiB+H BKTbb2b- BM/22/- KF2 i?2 T`2b2Mi
mM+2`iBM- ?BM/2` K2/BmK@i2`K ;`Qri?- #mi b?HH #2 `2bQHp2/ M/ #bQ`#2/ BM i?2 HQM; `mMX
>pBM; TQBMi2/ Qmi bQK2 TQbbB#H2 +mb2b Q7 i?Bb b?B7i BM BMi2`2bi `i2b- r2 ;p2  KQM2i`v
2biBKi2 Q7 i?2 +Qbib Bi ;2M2`i2/ 7Q` AiHBM }MM+2bX AMi2`2bi `i2b r2 `2i`B2p2/ `2 BKTHB2/
#v K`F2i T`B+2b Q7 b2+m`BiB2bX h?2v `2 MQi i?2 Tm`2 +Qbi Q7 i?2 /2#i- #mi bB;MH i?2 K`F2i
b2MiBK2Mi `2;`/BM;  +QmMi`vX q?2M BMi2`2bi `i2b T2`bBbi i ?B;?2` H2p2Hb- i?2 K`F2i bB;MHb
i?i BbbmM+2b Q7  ;Bp2M +QmMi`v `2 T2`+2Bp2/ b KQ`2 `BbFvX i i?2 M2ti BbbmM+2 `QmM/-
Bbbm2`b `2 7Q`+2/ iQ Qz2` ?B;?2` +QKT2MbiBQM iQ bm#b+`B#2`bX h?Bb Bb r?i ?TT2M2/ BM i?2
AiHBM +b2X AbbmM+2b #2ir22M Jv@kyR3 M/ Jv@kyRN bvbi2KiB+HHv b?Qr2/ +QmTQM `i2b
?B;?2` i?M i?Qb2 Q7 i?2 T`2pBQmb BbbmM+2bX q2 2biBKi2/ i?2 +Qbi Q7 i?Bb BMbiBimiBQMH +`BbBb
BM  /Bz2`2MiBH rvX q2 +QKTmi2/ i?2 /Bz2`2MiBH BM +QmTQM `i2b #2ir22M b2+m`BiB2b Bbbm2/ BM
dd
i?2 ?B;?HB;?i2/ iBK2 rBM/Qr M/ i?Qb2 Bbbm2/ Dmbi #27Q`2 i?2 Qmi#`2F Q7 i?2 BKTbb2X h?2b2
/Bz2`2MiBH r2`2 KmHiBTHB2/ #v i?2 MQKBMH KQmMi Q7 2+? BbbmM+2 iQ ;2M2`i2 +b? ~Qrb i 2+?
+QmTQM TvK2Mi /i2X q2 +HH i?2b2 bi`2Kb Q7 TvK2Mib 2t+2bb bT2M/BM;- #2+mb2 Bi `2T`2b2Mib
r?i rBHH #2 TB/ Qp2` M2ti v2`b BM //BiBQM iQ i?2 +Qbi ;2M2`i2/ ?/ +QmTQM `i2b `2KBM2/
+QMbiMi i i?2 pHm2b Q#b2`p2/ #27Q`2 Jv@kyR3X am+? +b? ~Qrb rBHH #2 /m2 BM i?2 7mim`2- bQK2
b 7` b BM ky8yX h?2`27Q`2 r2 /Bb+QmMi2/ 2+? TvK2Mi iQ J`+? kyky T`B+2b rBi?  bBKmHi2/
BM~iBQM 2pQHmiBQM- BM Q`/2` iQ iF2 BMiQ ++QmMi i?2 /2TH2iBM; 2z2+i Q7 BM~iBQMX h?Bb T`Q+2/m`2
vB2H/2/ M 2t+2bb bT2M/BM; Q7 `Qm;?Hv Rj #BHHBQM 2m`Qb i J`+? kyky T`B+2bX
h?2 2pB/2M+2b Qz2`2/ #v i?2 MHvbBb `2 BMi2`2biBM; M/ THmbB#H2- #mi Kv #2 `2pBb2/ #v
M mT/i2/ KQ/2HX h?2 C``Qr@uBH/B`BK KQ/2H Bb `Q#mbi M/ 7mM+iBQMH- #mi KQ`2 +QKTH2t
7`K2rQ`Fb +QmH/ Qz2` bmT2`BQ` T`2+BbBQM Q7 2biBKi2bX PM2 TQbbB#H2 2ti2MbBQM BM i?Bb /B`2+iBQM
Bb  /22T2` MHvbBb Q7 /`Bp2`b Q7 +?M;2b BM vB2H/b M/ i2`K bi`m+im`2bX  TQbbB#BHBiv Bb i?2
BMi`Q/m+iBQM Q7  Hi2Mi bii2 p2+iQ` T`Q+2bb- r?B+? /`Bp2b i?2 2pQHmiBQM Q7 i?2 i2`K bi`m+im`2X
h?Bb TT`Q+? #mBH/b QM +QMi`B#miBQMb bm+? b U.m{2  EM- RNNeV- U.B  aBM;H2iQM- kyyyV M/
U.mz22- kyykV- M/ Bi rb `2+2MiHv BKTH2K2Mi2/ BM U/ǶKB+Q 2i HX- kyR3V M/ U>Q 2i HX- kyR9VX 
bBKBH` Tii2`M Q7 MHvbBb +FMQrH2/;2b i?2 T`2b2M+2 Hi2Mi 7+iQ`b- #mi i`B2b iQ T`2+Bb2Hv B/2MiB7v
i?2KX U.2r+?i2`  Gv`BQ- kyyeV M/ U_m/2#mb+?  qm- kyy3V BKTH2K2Mi bm+? `iBQMH2-
#mBH/BM; QM UEQxB+FB  hBMbH2v- kyyRVX UJQ/2M- kyRRV Qz2`b  `2pB2r Q7 i?2 `2H2pMi HBi2`im`2
7Q` i?Bb TT`Q+?X  /Bz2`2Mi /B`2+iBQM Q7 BKT`Qp2K2Mi +QM+2`Mb K`F2i T`B+2b Q7 `BbFX h?2 HBMF
#2ir22M i?2 `BbF M2mi`H M/ i?2 `2H@rQ`H/ T`Q##BHBiv Bb  +2Mi`H [mMiBiv- r?Qb2 2biBKiBQM
T`Qp2b iQ #2 /B{+mHiX AM/22/- Qm` 2biBKi2b `2 THmbB#H2- #mi +HH 7Q` BKT`Qp2K2MiX 6Q` 2tKTH2-
UaiMiQM- RNNdV mb2b `2;`2bbBQM MHvbBb QM ?BbiQ`B+H vB2H/ /i M/ U.2KTbi2` 2i HX- kyRRV mb2
i?2 EHKM }Hi2`X q2 2biBKi2/ +QMbiMi K`F2i T`B+2b Q7 `BbF- #mi iBK2 /2T2M/2M+2 M/ bT2+B}+
7mM+iBQMH bbmKTiBQMb +QmH/ imM2 i?2 2biBKiBQMX
h?2 AiHBM Tm#HB+ /2#i Bbbm2 ?b +QK2 ;BM iQ T`QKBM2M+2 /m`BM; i?2 Hbi /2+/2X h?2
?m;2 /2#i #m`/2M ++mKmHi2/ Qp2` v2`b ?b #2+QK2  b2`BQmb i?`2i iQ 2+QMQKB+ M/ TQHBiB+H
bi#BHBiv Q7  +QmMi`v- r?Qb2 ;`Qri? `i2 ?b #22M bi;MiBM; 7i2` i?2 }MM+BH +`BbBbX .m2
BMi2`2bi TvK2Mib /Bp2`i #BHHBQMb 7`QK r2H7`2 bm#bB/B2b M/ bvbi2KB+ BMp2biK2MibX h?2 bBx2 Q7
i?Bb T`Q#H2K ?b #22M K/2 2p2M #B;;2` #v BMbiBimiBQMH +`BbBb- `2bmHiBM; BM TQQ` KM;2K2Mi Q7
i?2 +QmMi`v M/ H+F Q7 7Q`r`/@HQQFBM; `27Q`KbX h?2 BM#BHBiv iQ Tmi BM TH+2  +QMbBbi2Mi b?B7i
iQ  pB`imQmb Ti? ?BM/2`b AiHBM +`2/B#BHBiv KQM; BMp2biQ`b M/ `Bb2b i?2 +Qbi Q7 BM/2#i2/M2bbX
h?Bb MHvbBb b?Qrb i?2 Q`/2` Q7 K;MBim/2 Q7 i?2 /2#i T`Q#H2Kb, 2p2M i?2 bKHH2bi BM+`2b2 BM
BMi2`2bi `i2b `2bmHib BM ?mM/`2/b Q7 KBHHBQMb iQ #2 Tv2/X h?2 +`BbBb r2 ?B;?HB;?i2/ rb  KBMQ`
QM2- r?B+? Q++m``2/ BM  +QMi2ti Q7 ;2M2`HHv HQr BMi2`2bi `i2b, biBHH i?2 KQM2i`v +QMb2[m2M+2b
rBHH KQmMi iQ i?B`i22M #BHHBQMb Q7 2m`QbX q2 QMHv rMi iQ Qz2` M 2tKTH2 Q7 i?2 /B`2+iBQM BM
r?B+? itTv2`b M/ 2H2+iQ`b b?HH 2pHmi2 2H2+iQ`H T`Q;`KK2b M/ TQHB+v T`QTQbHbX Ai b?QmH/





.ib2ib M/ *Q/2b `2 pBH#H2 i
?iiTb,ffrrrX/`QT#QtX+QKfb?feeFQBFFmN##pQD`f*SlPqusbs+knBT??Aso"ue\/H4y
XR _2H w*" S`B+2 ai`BTTBM;
h?2 7QHHQrBM; +Q/2 Bb mb2/ iQ `2i`B2p2 i?2 /i M22/2/ 7Q` `2H w*" T`B+2 bi`BTTBM; 7`QK e "hSīBbX
q2 }`bi `2i`B2p2 Qm` /i b2i Q7 b2+m`BiB2b M/ BM~iBQM BM/2tX a2+QM/Hv- r2 T`2T`2 i?2 `2HiBp2
BM7Q`KiBQM `2;`/BM; AaALb- Kim`BiB2b- Bbbm2 /i2b- BM/2tiBQM +Q2{+B2Mib M/ +QmTQMbX h?2M-
r2 +QKTmi2 i?2 /BbiM+2 Q7 2+? pHmiBQM /v 7`QK 2+? +QmTQM M/ Kim`Biv /i2X q2 HbQ
+QKTmi2 /B`iv T`B+2b 7Q` 2tTHMiQ`v Tm`TQb2bX h?2b2 T`2HBKBM`v /i `2 biQ`2/ BM  XKi }H2-
r?B+? Bb Tbb2/ iQ i?2 KBMBKBbiBQM +Q/2X
R W>A*S BM7HiBQM /i
k (AM7HxBQM2)4tHb`2/U^AM7HiBQMXtHb^-^>A*S^Vc
j >A*S4AM7HxBQM2U,-kVc
9 .i2AL64AM7HxBQM2U,-RVc W b2H2+i Q`B;BMH /i BM 1t+2H 7Q`Ki










R9 hBK24S`2xxQU9,2M/-RVc W b2H2+i Q`B;BMH /i BM 1t+2H 7Q`Ki




























9y A"UB-RV4U7BM/UKQMi?U>A*SXhBK2V44KK  v2`U>A*SXhBK2V44vvV-RVc
9R (v-K-/)4vK/U"hSBXhBK2UDVVc
9k _UD-BV4U/@RVf2QK/vUv-KVc
9j A1kUD-BV4U7BM/UKQMi?U>A*SXhBK2V44K  v2`U>A*SXhBK2V44vV@k-RVc
















ey 7Q` D4R,Uv2`UJim`BivUBVV@v2`UAbbm2UBVVV k








































q2 r`Bi2 i?2 +mbiQK 7mM+iBQM _2Hai`BT7mMAh- r?B+? +QKTmi2b i?2Q`2iB+H #QM/ T`B+2b 7`QK
2[miBQM U8XRV ;Bp2M }p2 7Q`r`/ `i2bX h?2M- i?2 7mM+iBQM +QKTmi2b i?2 bmK Q7 i?2 b[m`2/
/Bz2`2M+2b #2ir22M K`F2i M/ i?2Q`2iB+H T`B+2bX
R 7mM+iBQM ; 4 _2Hai`BT7mMAhU7V
k HQ/ _2Hai`BTAhXKi .Bbin* .BbinJ *_ "hSB *QmTQM
j HQ/ M/vXKi





3 oUD-BV4 U*_Ux-BV U.Bbin*Ux-D-BV=yV U*QmTQMUBVfkV 2tTU@7URV .Bbin*Ux-D-BV U.Bbin*Ux-D-B
V=y  .Bbin*Ux-D-BVI4jV@U7UkVV .Bbin*Ux-D-BV U.Bbin*Ux-D-BV=j  .Bbin*Ux-D-BVI48V
@U7UjVV .Bbin*Ux-D-BV U.Bbin*Ux-D-BV=8  .Bbin*Ux-D-BVI4RyV@U7U9VV .Bbin*Ux-D-BV U





Rk W6+2 oHm2 S`2b2Mi oHm2
Rj 7Q` B4R,bBx2U"hSB-kV
R9 7Q` x4M/v,M/v
R8 oUbBx2U.Bbin*-kVYR-BV4 U*_Ux-BV Ryy 2tTU@7URV .BbinJUx-BV U.BbinJUx-BV=y  .BbinJUx-B
VI4jV@U7UkVV .BbinJUx-BV U.BbinJUx-BV=j  .BbinJUx-BVI48V@U7UjVV .BbinJUx-BV U
.BbinJUx-BV=8  .BbinJUx-BVI4RyV@U7U9VV .BbinJUx-BV U.BbinJUx-BV=Ry  .BbinJUx-BV














6BMHHv- r2 2KTHQv i?2 7mM+iBQM Hb[MQMHBM BM Q`/2` iQ }M/ i?2 }p2 `i2b- r?B+? KBMBKBb2
i?2 QmiTmi Q7 _2Hai`BT7mMAhX h?2 KBMBKBbiBQM Bb `2T2i2/ 7Q` 2+? pHmiBQM /i2- bQ i?i
r2 +M #mBH/  iBK2i#H2 iQ 2pHmi2 i?2 2pQHmiBQM Q7 `2H 7Q`r`/ `i2bX
R W _2H6q.Ah
k ty4(y y y y y)c









Rk bp2 6q.XKi _2H6q.Ah @TT2M/
3k
Xk LQKBMH w*" S`B+2 ai`BTTBM;
h?2 7QHHQrBM; +Q/2 Bb mb2/ iQ `2i`B2p2 i?2 /i M22/2/ 7Q` MQKBMH w*" T`B+2 bi`BTTBM; 7`QK
jR "hSbX q2 }`bi `2i`B2p2 Qm` /i b2i Q7 b2+m`BiB2b M/ b2H2+i bmBi#H2 #QM/bX a2+QM/Hv- r2
T`2T`2 i?2 `2HiBp2 BM7Q`KiBQM `2;`/BM; AaALb- Kim`BiB2b- Bbbm2 /i2b M/ +QmTQMbX h?2M-
r2 +QKTmi2 i?2 /BbiM+2 Q7 2+? pHmiBQM /v 7`QK 2+? +QmTQM M/ Kim`Biv /i2X q2 HbQ
+QKTmi2 /B`iv T`B+2b 7Q` 2tTHMiQ`v Tm`TQb2bX h?2b2 T`2HBKBM`v /i `2 biQ`2/ BM  XKi }H2-







d hBK24S`2xxQU8,2M/-RVc W b2H2+i Q`B;BMH /i BM 1t+2H 7Q`Ki









































9e 7Q` D4R,Uv2`UJim`BivUBVV@v2`UAbbm2UBVVV k








































q2 r`Bi2 i?2 +mbiQK 7mM+iBQM LQKBMHai`BT7mMAh- r?B+? +QKTmi2b i?2Q`2iB+H #QM/ T`B+2b
7`QK 2[miBQM U8XRV ;Bp2M }p2 7Q`r`/ `i2bX h?2M- i?2 7mM+iBQM +QKTmi2b i?2 bmK Q7 i?2 b[m`2/
/Bz2`2M+2b #2ir22M K`F2i M/ i?2Q`2iB+H T`B+2bX
R 7mM+iBQM ; 4 LQKBMHai`BT7mMAhU7V
k HQ/ LQKBMHai`BTAhXKi .Bbin* .BbinJ "hS *QmTQM
j HQ/ M/vXKi




3 oUD-BV4 UU.Bbin*Ux-D-BV=yV U*QmTQMUBVfkV 2tTU@7URV .Bbin*Ux-D-BV U.Bbin*Ux-D-BV=y 
.Bbin*Ux-D-BVI4jV@U7UkVV .Bbin*Ux-D-BV U.Bbin*Ux-D-BV=j  .Bbin*Ux-D-BVI48V@U7UjVV
 .Bbin*Ux-D-BV U.Bbin*Ux-D-BV=8  .Bbin*Ux-D-BVI4RyV@U7U9VV .Bbin*Ux-D-BV U.Bbin*U





Rk W6+2 oHm2 S`2b2Mi oHm2
Rj 7Q` B4R,bBx2U"hS-kV
R9 7Q` x4M/v,M/v
R8 oUbBx2U.Bbin*-kVYR-BV4 URyy 2tTU@7URV .BbinJUx-BV U.BbinJUx-BV=y  .BbinJUx-BVI4jV@U7
UkVV .BbinJUx-BV U.BbinJUx-BV=j  .BbinJUx-BVI48V@U7UjVV .BbinJUx-BV U.BbinJUx-BV
=8  .BbinJUx-BVI4RyV@U7U9VV .BbinJUx-BV U.BbinJUx-BV=Ry  .BbinJUx-BVI4kyV@U7U8VV














6BMHHv- r2 2KTHQv i?2 7mM+iBQM Hb[MQMHBM BM Q`/2` iQ }M/ i?2 }p2 `i2b- r?B+? KBMBKBb2 i?2
QmiTmi Q7 LQKBMHai`BT7mMAhX h?2 KBMBKBbiBQM Bb `2T2i2/ 7Q` 2+? pHmiBQM /i2- bQ i?i r2
+M #mBH/  iBK2i#H2 iQ 2pHmi2 i?2 2pQHmiBQM Q7 MQKBMH 7Q`r`/ `i2bX
R W LQKBMH6q.Ah
k ty4(y y y y y)c










Rk bp2 6q.XKi LQKBMH6q.Ah @TT2M/
Xj *HB#`iBQM
PM+2 r2 Q#iBM2/ 7Q`r`/ `i2b- r2 +QKTmi2 w*" T`B+2b 7Q` i?2 }p2 Kim`BiB2bX h?2M- r2
+QKTmi2 i?2 /v@7i2`@/v /Bz2`2M+2b Q7 w*" T`B+2b M/ 7Q`r`/ `i2bX 6BMHHv- r2 }i /i b
2tTHBM2/ BM a2+iBQM 8X8- BM Q`/2` iQ `2i`B2p2 i?2 2B;?i T`K2i2`bX q2 HbQ Qz2` pBbmH T`QQ7 Q7
i?2 ;QQ/M2bb Q7 i?2 MQ`KHBiv bbmKTiBQMX
R W_2H *HB#`iBQM
k HQ/ 6q.`i2XKi




d 7Q` B4R,bBx2U_2H6q.Ah -kV











RN (t.i- v.i) 4 T`2T`2*m`p2.iU Jim`Bivw*"- o`w*"+?M;2 Vc
ky 7i 4 7BiivT2U ^UbB;Kk U2tTU@ tV@RVk URfje8VVfUkV^- ^BM/2T2M/2Mi^- ^t^- ^/2T2M/2Mi
^- ^v^ Vc
kR QTib 4 7BiQTiBQMbU ^J2i?Q/^- ^LQMHBM2`G2bia[m`2b^ Vc
kk QTibXH;Q`Bi?K 4 ^G2p2M#2`;@J`[m`/i^c
kj QTibX.BbTHv 4 ^P77^c
k9 QTibX_Q#mbi 4 ^"Bb[m`2^c
k8 QTibXai`iSQBMi 4 (yXe8j938yRNNRR9yR yXN8d8ye3j89j9kN3)c







jk HQ/ _2Hai`BTAhXKi >A*S "hSB
jj (v-K-/)4vK/UhBK2URVVc










99 *QMAMiAnmT4b[`iUUUbBx2U.2Hi>A*S -RV@RV o`AVfHT?nmTVc
98 *QMAMiAnHQr4b[`iUUUbBx2U.2Hi>A*S -RV@RV o`AVfHT?nHQrVc
9e WLQKBMH *HB#`iBQM
9d HQ/ LQKBMHai`BTAhXKi .BbinJ




8k 7Q` B4R,bBx2U_2H6q.Ah -kV











e9 (t.i- v.i) 4 T`2T`2*m`p2.iU Jim`Bivw*"- o`w*"+?M;2 Vc
e8 7i 4 7BiivT2U ^UbB;Kk U2tTU@ tV@RVk URfje8VVfUkV^- ^BM/2T2M/2Mi^- ^t^- ^/2T2M/2Mi
^- ^v^ Vc
ee QTib 4 7BiQTiBQMbU ^J2i?Q/^- ^LQMHBM2`G2bia[m`2b^ Vc
ed QTibXH;Q`Bi?K 4 ^G2p2M#2`;@J`[m`/i^c
e3 QTibX.BbTHv 4 ^P77^c
eN QTibX_Q#mbi 4 ^"Bb[m`2^c
dy QTibXai`iSQBMi 4 (yXkRdN9k8e93ed3R8 yXN8d8ye3j89j9kN3)c





































Ryd HQ/ _2Hai`BTAhXKi >A*S "hSB
Ry3 (v-K-/)4vK/UhBK2URVVc










































X9 *HB#`iBQM QM _2/m+2/ aKTH2
q2 T2`7Q`K i?2 bK2 bi2Tb Q7 i?2 T`2pBQmb +HB#`iBQM QM  `2/m+2/ bKTH2, r2 2KTHQv /BHv
Q#b2`piBQM mT iQ yR@Jv@kyR3X h?2 `2i`B2p2/ T`K2i2`b `2 biQ`2/ BM  XKi }H2- r?B+? Bb
Tbb2/ iQ i?2 bBKmHiBQM bi;2X
R W_2H *HB#`iBQM _2/m+2/
k HQ/ 6q.`i2XKi




















kk (t.i- v.i) 4 T`2T`2*m`p2.iU Jim`Bivw*"- o`w*"+?M;2 Vc
kj 7i 4 7BiivT2U ^UbB;Kk U2tTU@ tV@RVk URfje8VVfUkV^- ^BM/2T2M/2Mi^- ^t^- ^/2T2M/2Mi
^- ^v^ Vc
k9 QTib 4 7BiQTiBQMbU ^J2i?Q/^- ^LQMHBM2`G2bia[m`2b^ Vc
k8 QTibXH;Q`Bi?K 4 ^G2p2M#2`;@J`[m`/i^c
ke QTibX.BbTHv 4 ^P77^c
kd QTibX_Q#mbi 4 ^"Bb[m`2^c
k3 QTibXai`iSQBMi 4 (yX83deeNjy838y8je yXN8d8ye3j89j9kN3)c






j8 HQ/ _2Hai`BTAhXKi >A*S
je (v-K-/)4vK/UhBK2URVVc











9d *QMAMiAnmT4b[`iUUUbBx2U.2Hi>A*S -RV@RV o`AVfHT?nmTVc
93 *QMAMiAnHQr4b[`iUUUbBx2U.2Hi>A*S -RV@RV o`AVfHT?nHQrVc
9N WLQKBMH *HB#`iBQM
8y HQ/ LQKBMHai`BTAhXKi .BbinJ




















dy (t.i- v.i) 4 T`2T`2*m`p2.iU Jim`Bivw*"- o`w*"+?M;2 Vc
dR 7i 4 7BiivT2U ^UbB;Kk U2tTU@ tV@RVk URfje8VVfUkV^- ^BM/2T2M/2Mi^- ^t^- ^/2T2M/2Mi
^- ^v^ Vc
dk QTib 4 7BiQTiBQMbU ^J2i?Q/^- ^LQMHBM2`G2bia[m`2b^ Vc
dj QTibXH;Q`Bi?K 4 ^G2p2M#2`;@J`[m`/i^c
d9 QTibX.BbTHv 4 ^P77^c
d8 QTibX_Q#mbi 4 ^"Bb[m`2^c
de QTibXai`iSQBMi 4 (yXNdy8Nkd3RdeyeRe yXN8dReeN93k9kN9e)c















































Rkj bp2 S`K2i2`bXKi _ L aB;K_ aB;KL aB;KA _?QnMA _?Qn`A _?Qn`M
X8 aBKmHiBQM
q2 bBKmHi2 7Q`r`/ `i2 2pQHmiBQMb rBi? T`K2i2`b Q#iBM2/ 7i2` i?2 `2/m+2/ +HB#`iBQMX
6B`biHv- r2 +QKTmi2 i?2 pQHiBHBiv 7mM+iBQMbX a2+QM/Hv- r2 /2b+`B#2  biQ+?biB+ /Bz2`2MiBH
2[miBQM 7Q` 2+? `i2X q2 `mM bBKmHiBQMb Q7 i?2b2 a.1 Q#D2+ib- BM Q`/2` iQ `2i`B2p2  bBM;H2
i`D2+iQ`v M/ i?2 [mMiBH2 +QM}/2M+2 BMi2`pHbX h?2 T`Q+2/m`2 Bb `2T2i2/ 7Q` 2+? Q7 i?2 i2M
`i2bX 6BMHHv- r2 THQi Ry bm#THQib- BM 2+? Q7 r?B+? r2 }M/ i?2 Q#b2`p2/ 2pQHmiBQM- i?2 bBKmHi2/
i`D2+iQ`v M/ i?2 [mMiBH2bX
R +H2`c
k +H+c
j WWLQKBMH aBKmHiBQM Rf8fR3@Rjf9fky
9 HQ/ S`K2i2`bXKiW_2/m+2/ S`K2i2`b
8 HQ/ LQKBMHai`BTAhXKi "hS .BbinJ
e HQ/ 6q.`i2XKi







R9 7Q` D4R,bBx2UJim`Bivw*"M -kV
R8 oQH6mMLUD-RV4aB;KL 2tTU@L Jim`Bivw*"MUDVVc
Re 2M/
Rd `M;U^/27mHi^V















jk (t.i- v.i) 4 T`2T`2*m`p2.iU .`B7iM- 1tToHM Vc
jj 7i 4 7BiivT2U ^t@T?B^- ^BM/2T2M/2Mi^- ^t^- ^/2T2M/2Mi^- ^v^ Vc
j9 QTib 4 7BiQTiBQMbU ^J2i?Q/^- ^LQMHBM2`G2bia[m`2b^ Vc
j8 QTibXH;Q`Bi?K 4 ^G2p2M#2`;@J`[m`/i^c
je QTibX.BbTHv 4 ^P77^c
jd QTibX_Q#mbi 4 ^"Bb[m`2^c
j3 QTibXai`iSQBMi 4 yXejkj8Nk9ekk89Rc
jN (7Bi`2bmHi- ;Q7) 4 7BiU t.i- v.i- 7i- QTib Vc
9y JFiS`B+2_bFM47Bi`2bmHiXT?Bc
9R Wa.1 y@j v2`b








9N 7Q` D4R,bBx2U6q.yjMaBK -RV
8y *QM7AMiyjMUD-,V4[mMiBH2U6q.yjMaBKUD-,V-(yXyy8 yX8 yXNN8)Vc
8R 2M/
8k Wa.1 j@8 v2`b








ey 7Q` D4R,bBx2U6q.j8MaBK -RV
eR *QM7AMij8MUD-,V4[mMiBH2U6q.j8MaBKUD-,V-(yXyy8 yX8 yXNN8)Vc
ek 2M/
ej Wa.1 8@Ry v2`b









dR 7Q` D4R,bBx2U6q.8RyMaBK -RV
dk *QM7AMi8RyMUD-,V4[mMiBH2U6q.8RyMaBKUD-,V-(yXyy8 yX8 yXNN8)Vc
dj 2M/
d9 Wa.1 Ry@ky v2`b








3k 7Q` D4R,bBx2U6q.RykyMaBK -RV
3j *QM7AMiRykyMUD-,V4[mMiBH2U6q.RykyMaBKUD-,V-(yXyy8 yX8 yXNN8)Vc
39 2M/
38 Wa.1 ky@jy v2`b








Nj 7Q` D4R,bBx2U6q.kyjyMaBK -RV
N9 *QM7AMikyjyMUD-,V4[mMiBH2U6q.kyjyMaBKUD-,V-(yXyy8 yX8 yXNN8)Vc
N8 2M/
Ne WW_2H aBKmHiBQM Rf8fR3@Rjf9fky
Nd HQ/ _2Hai`BTAhXKi "hSB .BbinJ






Ry9 7Q` D4R,bBx2UJim`Bivw*"` -kV
Ry8 oQH6mM_UD-RV4aB;K_ 2tTU@_ Jim`Bivw*"`UDVVc
Rye 2M/
Ryd `M;U^/27mHi^V














RkR .`B7i`4/B;UJim`Bivw*"`X oQH6mM_@U_?Qn`A aB;KAVVc
Rkk (t.i- v.i) 4 T`2T`2*m`p2.iU .`B7i`- 1tToH` Vc
Rkj 7i 4 7BiivT2U ^t@T?B^- ^BM/2T2M/2Mi^- ^t^- ^/2T2M/2Mi^- ^v^ Vc
Rk9 QTib 4 7BiQTiBQMbU ^J2i?Q/^- ^LQMHBM2`G2bia[m`2b^ Vc
Rk8 QTibXH;Q`Bi?K 4 ^G2p2M#2`;@J`[m`/i^c
Rke QTibX.BbTHv 4 ^P77^c
Rkd QTibX_Q#mbi 4 ^"Bb[m`2^c
Rk3 QTibXai`iSQBMi 4 yXNy8dNRNjdyd8eRNc
RkN (7Bi`2bmHi- ;Q7) 4 7BiU t.i- v.i- 7i- QTib Vc
Rjy JFiS`B+2_bF`47Bi`2bmHiXT?Bc
RjR Wa.1 y@j v2`b









RjN 7Q` D4R,bBx2U6q.yj`aBK -RV
R9y *QM7AMiyj`UD-,V4[mMiBH2U6q.yj`aBKUD-,V-(yXyy8 yX8 yXNN8)Vc
R9R 2M/
R9k Wa.1 j@8 v2`b









R8y 7Q` D4R,bBx2U6q.j8`aBK -RV
R8R *QM7AMij8`UD-,V4[mMiBH2U6q.j8`aBKUD-,V-(yXyy8 yX8 yXNN8)Vc
R8k 2M/
R8j Wa.1 8@Ry v2`b
N8









ReR 7Q` D4R,bBx2U6q.8Ry`aBK -RV
Rek *QM7AMi8Ry`UD-,V4[mMiBH2U6q.8Ry`aBKUD-,V-(yXyy8 yX8 yXNN8)Vc
Rej 2M/
Re9 Wa.1 Ry@ky v2`b









Rdk 7Q` D4R,bBx2U6q.Ryky`aBK -RV
Rdj *QM7AMiRyky`UD-,V4[mMiBH2U6q.Ryky`aBKUD-,V-(yXyy8 yX8 yXNN8)Vc
Rd9 2M/
Rd8 Wa.1 ky@jy v2`b









R3j 7Q` D4R,bBx2U6q.kyjy`aBK -RV
R39 *QM7AMikyjy`UD-,V4[mMiBH2U6q.kyjy`aBKUD-,V-(yXyy8 yX8 yXNN8)Vc
R38 2M/
R3e
R3d W*QM7B/2M+2 AMi2`pH LQ`KH .Bbi`B#miBQM




oQH6mMLURV JFiS`B+2_bFMV D /ic










oQH6mMLUkV JFiS`B+2_bFMV D /ic









oQH6mMLUjV JFiS`B+2_bFMV D /ic









oQH6mMLU9V JFiS`B+2_bFMV D /ic









oQH6mMLU8V JFiS`B+2_bFMV D /ic









oQH6mM_URV JFiS`B+2_bF`V D /ic










oQH6mM_UkV JFiS`B+2_bF`V D /ic









oQH6mM_UjV JFiS`B+2_bF`V D /ic









oQH6mM_U9V JFiS`B+2_bF`V D /ic









oQH6mM_U8V JFiS`B+2_bF`V D /ic































































































jee iBiH2U^ky@jy v2` _2H 6q. `i2, aBKmHiBQM^Vc
jed ?QH/ Q77


























































































98e iBiH2U^ky@jy v2` _2H 6q. `i2, aBKmHiBQM^Vc
98d ?QH/ Q77
983 bp2 S`K2i2`bXKi JFiS`B+2_bFM JFiS`B+2_bF` @TT2M/
Xe AM~iBQM aBKmHiBQM M/ *Qbi 1biBKiBQM
q2 b2H2+i #QM/b BM i?2 Jv kyR3@Jv kyRN iBK2 rBM/Qr M/ i?2B` `272`2M+2 #QM/bX q2 +QKTmi2
i?2 +QmTQM `i2 /Bz2`2MiBHb M/ i?2 +QmTQM TvK2Mi /i2b iQ Q#iBM i?2 bi2K Q7 2t+2bb +b?
~Qrb /m2X h?2M- r2 bBKmHi2 b?Q`i MQKBMH M/ `2H `i2bX q2 2KTHQv bBKmHi2/ `i2b iQ
bBKmHi2 i?2 2pQHmiBQM Q7 BM~iBQM QM KQMi?Hv #bBb Qp2` i?2 M2ti jy v2`bX 6BMHHv- r2 KmHiBTHv
2+? +b? ~Qr #v Bib `2pHmiBQM +Q2{+B2Mi- BM Q`/2` iQ Q#iBM  };m`2 Q7 i?2 ǳ2t+2bbǴ +Qbi









3 hBK24S`2xxQU8,2M/-RVc W b2H2+i Q`B;BMH /i BM 1t+2H 7Q`Ki














ky 7Q` D4R,Uv2`UJim`BivUBVV@v2`UAbbm2UBVVV k





















9k .i2AL64AM7HxBQM2U,-RVc W b2H2+i Q`B;BMH /i BM 1t+2H 7Q`Ki

















8N 7Q` D4R,bBx2UJim`Bivw*" -kV
ey oQH6mMLUD-RV4aB;KL 2tTU@L Jim`Bivw*"UDVVc
eR 2M/
ek `M;U^/27mHi^V
ej Wa.1 LQKBMH a?Q`i _i2









dj 7Q` D4R,bBx2UJim`Bivw*" -kV
d9 oQH6mM_UD-RV4aB;K_ 2tTU@_ Jim`Bivw*"UDVVc
d8 2M/
de `M;U^/27mHi^V
dd Wa.1 y@j v2`b










































RRd W*QmTQM .2Hi M2i Q7 AM7HiBQM






















































































H#2`ixxB- l;Q- _QT2H2- hBxBMQ- a2M2- :#`B2H2-  aB;MQ`2iiB- 62/2`B+Q J`BX kyR9X h?2
BKT+i Q7 i?2 bQp2`2B;M /2#i +`BbBb QM i?2 +iBpBiv Q7 AiHBM #MFbX CQm`MH Q7 "MFBM; 
6BMM+2- 9e- j3dĜ9ykX
KBM- Emb?BF AX-  C``Qr- _Q#2`i X RNNRX S`B+BM; 7Q`2B;M +m``2M+v QTiBQMb mM/2` biQ+?biB+
BMi2`2bi `i2bX CQm`MH Q7 AMi2`MiBQMH JQM2v M/ 6BMM+2- RyUjV- jRyĜjkNX
"``- .pB/ :X-  *KT#2HH- CQ?M uX RNNdX AM~iBQM- `2H BMi2`2bi `i2b- M/ i?2 #QM/ K`F2i, 
bim/v Q7 lE MQKBMH M/ BM/2t@HBMF2/ ;Qp2`MK2Mi #QM/ T`B+2bX CQm`MH Q7 JQM2i`v 1+QMQKB+b-
jNUjV- jeRĜj3jX
"``Q- _Q#2`i CX RNN3X J+`Q2+QMQKB+bX 6B7i? 2/MX JAh S`2bbX
"mK- MD- *?2+?2`Bi@q2biT?H- *`BbiBM-  _Qi?2`- S?BHBTTX kyRjX .2#i M/ ;`Qri?, L2r
2pB/2M+2 7Q` i?2 2m`Q `2X CQm`MH Q7 BMi2`MiBQMH KQM2v M/ }MM+2- jk- 3yNĜ3kRX
"Dƺ`F- h?QKbX kyyNX `#Bi`;2 h?2Q`v BM *QMiBMmQmb hBK2X Pt7Q`/ lMBp2`bBiv S`2bbX
"H+F- 6Bb+?2`-  a+?QH2b- Jv`QMX RNdjX h?2 T`B+BM; Q7 QTiBQMb M/ +Q`TQ`i2 HB#BHBiB2bX CQm`MH
Q7 TQHBiB+H 2+QMQKv- 3RUjV- ejdĜe89X
"HM+?`/- PHBpB2` CX kyReX J+`Q2+QMQKB+bX a2p2Mi? 2/MX S2`bQMX
"Q2`Q- :BMM-  hQ``B+2HHB- *QbiMxX RNNeX  +QKT`iBp2 2pHmiBQM Q7 Hi2`MiBp2 KQ/2Hb Q7
i?2 i2`K bi`m+im`2 Q7 BMi2`2bi `i2bX 1m`QT2M DQm`MH Q7 QT2`iBQMH `2b2`+?- NjURV- ky8ĜkkjX
"`/v- :Q`/QM GX-  J;xxBMQ- *QbBKQX kyRdX h?2 bmbiBM#BHBiv Q7 AiHBM Tm#HB+ /2#i M/
/2}+BiX AMi2`MiBQMH /pM+2b BM 1+QMQKB+ _2b2`+?- kjURV- NĜkyX
"`B;Q- .KBMQ-  J2`+m`BQ- 6#BQX kyydX AMi2`2bi `i2 KQ/2Hb@i?2Q`v M/ T`+iB+2, rBi? bKBH2-
BM~iBQM M/ +`2/BiX aT`BM;2` a+B2M+2  "mbBM2bb J2/BX
*bB`;?B- J`+Q- :BQiiB- 1m;2MBQ- _Q/MQ- J`B GBb-  a2++?B- H2bbM/`QX kyRjX h?2
BKT+i Q7 mM+QMp2MiBQMH KQM2i`v TQHB+v QM i?2 AiHBM 2+QMQKv /m`BM; i?2 bQp2`2B;M /2#i
+`BbBbX "MF Q7 AiHv P++bBQMH ST2`X
*?2M- _2M@_r- GBm- "Q-  *?2M;- sBQHBMX kyRyX S`B+BM; i?2 i2`K bi`m+im`2 Q7 BM~iBQM `BbF
T`2KB, h?2Q`v M/ 2pB/2M+2 7`QK hASaX CQm`MH Q7 1KTB`B+H 6BMM+2- RdU9V- dykĜdkRX
*BTQHHBMB- H2bbM/`Q-  *Miv- SmHX kyRjX AM~iBQM #`2F2p2M BM i?2 C``Qr M/ uBH/B`BK
KQ/2H M/ `2bmHiBM; T`B+BM; 7Q`KmHbX ZmMiBiiBp2 6BMM+2- RjUkV- ky8ĜkkeX
.B- ZBM;-  aBM;H2iQM- E2MM2i? CX kyyyX aT2+B}+iBQM MHvbBb Q7 {M2 i2`K bi`m+im`2 KQ/2HbX
h?2 DQm`MH Q7 }MM+2- 88U8V- RN9jĜRNd3X
/ǶKB+Q- ai27MB- EBK- .QM >X-  q2B- JBMX kyR3X hBTb 7`QK hASa, i?2 BM7Q`KiBQMH +QMi2Mi
Q7 h`2bm`v AM~iBQM@S`Qi2+i2/ a2+m`Biv T`B+2bX CQm`MH Q7 6BMM+BH M/ ZmMiBiiBp2 MHvbBb-
8jURV- jN8Ĝ9jeX
.2 *2++Q- J`+2HHQ- S2++?B- GQ`2MxQ-  SB;- :mbipQX RNNdX JM;BM; Sm#HB+ .2#iX 1/r`/
1H;` Sm#HBb?BM;X
.2+QM- J`F- .2``v- M/`2r-  JB`72M/2`2bFB- .`Bmb?X kyy9X AM~iBQM@BM/2t2/ b2+m`BiB2b,
#QM/b- brTb M/ Qi?2` /2`BpiBp2bX CQ?M qBH2v  aQMbX
.2KTbi2`- JB+?2H- J2/Qp- 1H2M-  oBHHp2`/2- JB+?2HX kyRRX GQM;@i2`K BMi2`2bi `i2b M/
+QMbQH #QM/ pHmiBQMX S;2b dNĜRyN Q7, bb2i M/ GB#BHBiv JM;2K2Mi >M/#QQFX aT`BM;2`X
.2r+?i2`- >Mb-  Gv`BQ- J`+QX kyyeX J+`Q 7+iQ`b M/ i?2 i2`K bi`m+im`2 Q7 BMi2`2bi `i2bX
CQm`MH Q7 JQM2v- *`2/Bi M/ "MFBM;- RRNĜR9yX
.mz22- :`2;Q`v _X kyykX h2`K T`2KB M/ BMi2`2bi `i2 7Q`2+bib BM {M2 KQ/2HbX h?2 CQm`MH
Q7 6BMM+2- 8dURV- 9y8Ĝ99jX
.m{2- .``2HH-  EM- _mBX RNNeX  vB2H/@7+iQ` KQ/2H Q7 BMi2`2bi `i2bX Ji?2KiB+H }MM+2-
eU9V- jdNĜ9yeX
1FbB- w2?`-  6BHBTQpBÉ- .KB`X kyR9X S`B+BM; M/ ?2/;BM; Q7 BM~iBQM@BM/2t2/ #QM/b BM M
{M2 7`K2rQ`FX CQm`MH Q7 *QKTmiiBQMH M/ TTHB2/ Ji?2KiB+b- k8N- 98kĜ9ejX
>2i?- .pB/- C``Qr- _Q#2`i-  JQ`iQM- M/`2rX RNNkX "QM/ T`B+BM; M/ i?2 i2`K bi`m+im`2
Q7 BMi2`2bi `i2b,  M2r K2i?Q/QHQ;v 7Q` +QMiBM;2Mi +HBKb pHmiBQMX 1+QMQK2i`B+, CQm`MH
Q7 i?2 1+QMQK2i`B+ aQ+B2iv- ddĜRy8X
>Q- >bBQ@q2B- >mM;- >2M`v >X-  uBH/B`BK- uBH/B`vX kyR9X {M2 KQ/2H Q7 BM~iBQM@BM/2t2/
/2`BpiBp2b M/ BM~iBQM `BbF T`2KBmKX 1m`QT2M CQm`MH Q7 PT2`iBQMH _2b2`+?- kj8URV-
R8NĜReNX
>Q- h?QKb aXuX-  G22- aM;@"BMX RN3eX h2`K bi`m+im`2 KQp2K2Mib M/ T`B+BM; BMi2`2bi `i2
+QMiBM;2Mi +HBKbX h?2 CQm`MH Q7 6BMM+2- 9RU8V- RyRRĜRykNX
>mHH- CQ?M-  q?Bi2- HMX RNNyX S`B+BM; BMi2`2bi@`i2@/2`BpiBp2 b2+m`BiB2bX h?2 `2pB2r Q7
}MM+BH bim/B2b- jU9V- 8djĜ8NkX
>mHH- CQ?M-  q?Bi2- HMX RNN9X LmK2`B+H T`Q+2/m`2b 7Q` BKTH2K2MiBM; i2`K bi`m+im`2 KQ/2Hb
A, aBM;H2@7+iQ` KQ/2HbX CQm`MH Q7 /2`BpiBp2b- kURV- dĜReX
>mHH- CQ?M *X kyR3X PTiBQMb 7mim`2b M/ Qi?2` /2`BpiBp2bX h2Mi? 2/MX S2`bQM 1/m+iBQMX
C``Qr- _Q#2`i-  uBH/B`BK- uBH/B`vX kyyjX S`B+BM; i`2bm`v BM~iBQM T`Qi2+i2/ b2+m`BiB2b M/
`2Hi2/ /2`BpiBp2b mbBM; M >CJ KQ/2HX CQm`MH Q7 6BMM+BH M/ ZmMiBiiBp2 MHvbBb- j3UkV-
jjdĜj83X
C``Qr- _Q#2`i X kyykX JQ/2HHBM; 6Bt2/ AM+QK2 a2+m`BiB2b M/ AMi2`2bi _i2 PTiBQMbX aiM7Q`/
1+QMQKB+b M/ 6BMM+2X
EQxB+FB- a?`QM-  hBMbH2v- S2i2` X kyyRX a?B7iBM; 2M/TQBMib BM i?2 i2`K bi`m+im`2 Q7 BMi2`2bi
`i2bX CQm`MH Q7 KQM2i`v 1+QMQKB+b- 9dUjV- eRjĜe8kX
EmK`- JMKQ?M aX-  "H/++B- 1KMm2H2X kyRyX 6Bb+H /2}+Bib- Tm#HB+ /2#i- M/ bQp2`2B;M
#QM/ vB2H/bX AMi2`MiBQMH JQM2i`v 6mM/X
J2`+m`BQ- 6#BQX kyy8X S`B+BM; BM~iBQM@BM/2t2/ /2`BpiBp2bX ZmMiBiiBp2 6BMM+2- 8UjV- k3NĜ
jykX
JQ/2M- Jii2QX kyRRX  J+`Q2+QMQKB+ MHvbBb Q7 i?2 Gi2Mi 6+iQ`b Q7 i?2 uB2H/ *m`p2,
*m`pim`2 M/ _2H +iBpBivX S;2b RkRĜR9e Q7, 6BMM+BH 1+QMQK2i`B+b JQ/2HBM;, .2`BpiBp2b
S`B+BM;- >2/;2 6mM/b M/ h2`K ai`m+im`2 JQ/2HbX aT`BM;2`X
JmbB2H- J`2F-  _miFQrbFB- J`2FX RNN8X J`iBM;H2 K2i?Q/b BM }MM+BH KQ/2HBM;X aT`BM;2`X
SMBxx- l;Q-  S`2b#Bi2`Q- M/`2 6X kyRjX Sm#HB+ /2#i M/ 2+QMQKB+ ;`Qri? BM /pM+2/
2+QMQKB2b,  bm`p2vX arBbb CQm`MH Q7 1+QMQKB+b M/ aiiBbiB+b- R9NUkV- Rd8Ĝky9X
SMBxx- l;Q-  S`2b#Bi2`Q- M/`2 6X kyR9X Sm#HB+ /2#i M/ 2+QMQKB+ ;`Qri?, Bb i?2`2 
+mbH 2z2+i\ CQm`MH Q7 J+`Q2+QMQKB+b- 9R- kRĜ9RX
_m/2#mb+?- :H2MM .X-  qm- hQX kyy3X  K+`Q@}MM+2 KQ/2H Q7 i?2 i2`K bi`m+im`2- KQM2i`v
TQHB+v M/ i?2 2+QMQKvX h?2 1+QMQKB+ CQm`MH- RR3U8jyV- NyeĜNkeX
a+?KB/i- qQH7;M; JX kyRRX AMi2`2bi `i2 i2`K bi`m+im`2 KQ/2HHBM;X 1m`QT2M DQm`MH Q7
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